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A B S T R A C T

Monolithic total internal reflection resonators confine light through traveling-waves that can feature high quality
factors and small mode volumes. Such resonators have emerged as rigid and compact platforms to explore high-
efficiency laser-matter interactions and their related applications in photonics technology. In this review, we
focus on monolithic ring resonators based on total internal reflection, with a particular emphasis on nonplanar
ring oscillators and whispering-gallery mode lasers. We also discuss resonantly enhanced nonlinear photonic
systems based on these resonators, using both non-centrosymmetric and centrosymmetric optical materials.

1. Introduction

Optical resonators have been key elements for the invention of the
laser, where light fields can be spatially confined, spectrally filtered and
temporally recirculated. A very common type of resonator is of the
Fabry-Perot type, where light bounces back and forth from two highly
reflecting mirrors facing each other, yielding a standing-wave pattern.
In contrast, monolithic ring resonators (MRRs) are traveling-wave re-
sonators, where the light travels in a low-loss bulk material in a closed
path following an unambiguous direction of propagation [1]. These
resonators can greatly reduce the mode volumes while preserving a
large intracavity photon lifetime τph, or equivalently, a high-quality
factor =Q ω τ0 ph, where ω0 is the angular frequency of the photons.
Therefore, owing to these enhanced photon lifetimes, strong light-
matter interactions can be achieved in MRRs. This is why such re-
sonators have become popular platforms to investigate fundamental
phenomena and exploit a wide variety of optical materials for many
practical applications.

MRRs in monolithic platforms have been developed in various
configurations, as illustrated in Fig. 1. There are two main types of
MRRs, categorized by the confinement methods.

In the first type, the waveguide resonators can be created using
traditional on-chip waveguidess referred to as race-track resonators or

using silica fiber rings, as shown in Fig. 1(a) [2–10]. Photonic bandgap
structures can be used as well to confine light in a traveling-wave mode
[11], as displayed in Fig. 1(b).

The second type of MRRs uses the principle of total internal re-
flection (TIR), and is the main focus of this review. Initially, monolithic
TIR resonators were based only on very few surface reflections inside a
glass or crystal resonator, as illustrated in Fig. 1(c). On the other hand,
whispering-gallery mode resonators (WGMRs) [shown in Fig. 1(d)] can
been seen as a MRRs based on hundreds or more TIRs instead of a few
ones. WGM resonators have been at the center of a large body of lit-
erature since their inception in the early 20th century. In the last dec-
ades, applications based on WGM resonators have been explored in
several fields such as optomechanics [12–14], optoelectronic oscillators
[15–22], non-Hermitian photonics [23–25], sensors [26,27], nonlinear
photonics [28–33], or gyroscopic sensing [34–37], just to name a few.

As indicated earlier, this review is focused on the monolithic ring
resonators based on TIRs, as illustrated in Fig. 1(c and d). The outline of
the article is the following. In Sec. 2, we first briefly introduce the basic
principles of TIR MRRs. In particular, we present various types of WGM
resonators, and discuss several topics such as coupling architectures
used for WGM excitation, measurement methods for the high-Q re-
sonances, WGM probing techniques, and thermal bistability. Section 3
is devoted to rare-earth-based lasers using nonplanar ring oscillators
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(NPROs) and WGM resonators. The nonlinear photonic applications of
traditional TIR MRRs and WGMRs covering second-order and third-
order nonlinearity will be discussed ins Secs. 4 and 5, respectively. The
last section will conclude the review.

2. Basics of traditional TIR MRRs and WGMRs

2.1. Traditional macroscopic TIR MRRs

Traditional macroscopic TIR ring resonators can be formed with a
convenient setting of three or more mirrors [1]. For instance, four-
mirror-based bow-tie resonators have been frequently used in solid-
state laser systems. The fabrication of monolithic MRRs with bulk low-
loss optical media is ideal to achieve a significant reduction for the size
of the device as illustrated in Fig. 2. Light is usually confined within a
single optical crystal through a few TIRs on side surfaces in one round-
trip. In order to facilitate the coupling of light into cavity modes, one
can choose to replace one TIR surface with high reflection coating as
shown in Fig. 2 (a,b). Note that curved surfaces can be used as well for
optical mode optimization when the thermal lensing effect is con-
sidered. Another way to couple light into and out of a TIR MRR is to use
a prism coupler as illustrated in Fig. 2(c). For instance, fused silica TIR
MRR with Q about 108 was reported in Ref. [38]. The applications of
such macroscopic TIR MRRs in lasers and nonlinear frequency con-
version will be discussed in the following sections.

2.2. Whispering-gallery mode cavities

In comparison to traditional TIR MRRs, light in a high-Q WGMR
undergoes hundreds and up to tens of thousand TIRs in one round-trip
within a circular cavity. Such resonators have been intensively in-
vestigated due to their capability of to feature ultra-high Q factors and
small mode volumes. There have been several review articles introdu-
cing the fundamental principles and applications of WGM resonators,
including for example refs. [26–33,39–52].

We focus here on discussing the development of WGM resonators
from the standpoint of optical materials. Indeed, there have been many
different types of WGM resonators including spheres, toroids, wedge-
disks, curved rings on a disk and a rod, as illustrated in Fig. 3. In such
WGM resonators, the free spectral range (FSR) of the resonant modes is
usually calculated as =ν c πnrΔ /2FSR , where c is the speed of light in
vacuum, n represents the effective index of refraction, r is the radius of
the circular light path. This essential parameter typically ranges from
few GHz to few THz depending on the size of the resonator.

2.2.1. Coupling methods for WGM resonators
As light is confined through TIRs in WGM resonators, the excitation

of high-Q modes is generally not efficient when free-space coupling is
used. Therefore, various efficient coupling approaches have been de-
veloped based on the evanescent wave coupling technique, and some of
them are capable of exceeding a 90% efficiency. Fig. 4(a–c) illustrate the
architectures representing WGM resonators coupled with a prism, a
waveguide, an angle-tip waveguide [53–58]. In order to achieve high
coupling efficiency, mode overlaps in both spectral and spatial domains
should be taken into account. Moreover, the phase-matching condition
requires that the speed of light in both the cavity and the coupler should
be identical. As a result, the refractive index of the coupler is usually
equal to or larger than that of the WGMR.

Bulk prism couplers can be used to excite high-Q modes in WGM
resonators made from optical materials with very high refractive index.
For instance, silicon prisms have been used to excite high-Q WGM re-
sonators made from materials featuring high refractive indices such as
diamond [59] and silicon itself [60]. On the other hand, optical wa-
veguides such as tapered fibers or on-chip waveguides can also be
fabricated or manufactured using various materials. Note that the
phase-matched incident angle of TIR on the surface of a prim coupler is
estimated by =θ n nsin /i c r , where θi is the incident angle for the TIR on
the surface of the coupler, while nc r, are the refractive indices of the
coupler and the resonance mode, respectively. In the case of waveguide
side-coupling, phase-matching requires that the refractive index of the
waveguide mode matches the one of a resonance mode.

Fig. 1. Waveguide MRR: (a) Race-track resonator, (b) Photonic crystal ring
resonator; Total internal reflection (TIR) MRR: (c) Traditional TIR resonator,
(d) Whispering-gallery mode resonator. This review is focused on the mono-
lithic ring resonators based on TIRs, corresponding to Fig. 1 (c,d).

Fig. 2. The coupling methods for different types of TIR MRRs: (a,b) Free space
coupling with one HR coated surface, (c) Evanescent wave coupling with an
optical prism.

Fig. 3. The typical geometry of WGM resonators: (a) Sphere, (b) Toroid, (c)
Wedge disk, (d) Disk with a curved edge, (e) Rings on a rod.

Fig. 4. The efficient coupling methods for WGM resonators: (a) Prism coupling,
(b) Waveguide side-coupling, (c) Waveguide tip-coupling.
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2.2.2. Surface roughness requirement
The main advantage of a WGMR is its capability to achieve ultra-

high Q factors above 108 within a small volume [30,39]. The Q-factors
depend on the optical transparency of the host material and the geo-
metry profile of the resonator. The intrinsic Qint factor of a WGMR is
expressed as = + +

− − − −Q Q Q Qint
1

rad
1

abs
1

surf
1 , where the sub-indices ‘rad’, ‘abs'

and ‘surf’ indicate the curvature-induced radiation loss, the absorption
of intrinsic host material and the scattering loss from surface roughness,
respectively.

In a WGM resonator with a radius larger than few tens of micro-
meters, the radiation loss term Qrad is already greater than 1015, and is
usually disregarded for larger cavities. The absorption limited term Qabs
is calculated by =Q πn λα2 /( )rabs , where λ is the wavelength and α is the
absorption coefficient. If we consider an α of −10 4 cm−1 for a material
with =n 1.5r at =λ 1.5 μm, then the Qabs value is as large as ∼ 1014, and
does not appear as a limiting factor. Therefore, the intrinsic Q is mainly
determined by the rms (root mean square) surface roughness when
assuming an ideal curvature, and it is important to have the smoothest
resonator surface in order to optimize the intrinsic quality factor.

Fig. 5 shows the experimental data on the Q-factors for mm-size
WGM resonators as a function on the rms surface roughness [61]. Dif-
ferent fluoride materials including magnesium fluoride (MgF2), calcium
fluoride (CaF2) and strontium fluoride (SrF2) were mechanically po-
lished into disk-shaped WGM resonators. The rms roughness values
were measured using a white light Mirau-type interferometric micro-
scope. Two theoretical models are used to match the experimental data
when different correlation lengths are used [54,62]. One can see that a
rms roughness smaller than 3 nm is required to achieve Q-factors larger
than 109, and more details about this analysis can be found in Ref. [61].
To date, various WGM resonators made with glass and crystalline host
materials have reached Q factors in the order 109 in different spectral
ranges [63–71]. The largest Q factor is in the order of 1011, and it was
reported in Ref. [67] using a CaF2 WGMR.

2.2.3. Measurement methods for high-Q WGMs
The high Q-factors corresponding to low-loss resonators can be

measured using different methods. The simplest one is to sweep the
resonance frequency with a probe laser and measure the full linewidth
at half maximum ( νΔ ) of the resonance as shown in Fig. 6(a). The Q-
factor is then calculated using =Q ν ν/Δ where ν is the resonant fre-
quency. For ultra-high Q-factors, the cavity ringdown appears to be
more suitable. Fig. 6(b) shows a ringing spectrum when the probe laser
frequency is scanned fast enough in a prism-coupled WGM resonator
made of barium fluoride (BaF2) [69]. The scanning speed was set at

0.32 THz/s. A theoretical model described in Ref. [72] was used to fit
the data. Most WGM resonators have a quality factor above 106 at the
telecom wavelength of 1550 nm, and billion quality factors are also
routinely achieved with mm-size resonators made with metal difluoride
crystals [70,73–82].

2.2.4. WGM identification with excitation mapping
WGMs are characterized by three mode numbers (q m, ℓ, ) and two

perpendicular polarization directions (TE and TM). The number q is
related to the number of intensity maxima in the radial direction. The
numbers ℓ and = ± ± ±m 0, 1, 2... ℓ are the azimuthal and angular
mode numbers, respectively, where ℓ is related to the number of TIRs
within one round-trip. One can define a polar mode number

= −p mℓ | | which corresponds to +p 1 intensity maxima in the polar
direction. It is thereby important to identify the fundamental WGM
( =q 1 and =p 0), as it features the smallest mode volume and it more
likely to enhance the interaction between laser light and matter.
However, it is not always easy to locate =q 1 modes. Nevertheless, one
can use an excitation mapping method to locate the fundamental polar
order WGMs [83,84].

Fig. 7 shows the excitation mapping result of a silica microsphere on
a fiber tip and a silica microtoroid on an silicon chip [83]. A sub-mi-
crometer diameter tapered fiber mounted on a three dimensional
translation stage with nanometer precision is used to excite the re-
sonator. The sub-wavelength tapered fiber was fabricated using a bu-
tane microtorch [57]. The coupling efficiency of the fiber-coupled
WGM resonator relies on the internal field distribution of the cavity
modes. In a spherical cavity, the intensity distribution in the polar di-
rection of the lightwave is determined by the spherical harmonic

−Y| |p
ℓ
ℓ 2. Therefore, the spatial mapping of the coupling efficiency for a

selected mode corresponds to the polar mode number p. In the fiber-
coupled microsphere setup as shown in Fig. 7(a and b), the scanning of
the fiber coupler is set in the vertical direction. The polar mode num-
bers of the WGMs are then revealed by plotting a waterfall figure. For
the microtroid setup, this is done using a curved scanning path as

Fig. 5. The dependence of Q factors on the rms surface roughness, with a
comparison between experimental results and theoretical expectations.
Adapted with permission from Ref. [61], © 2018 Optical Society of America.

Fig. 6. The measurement techniques for Q factors above one billion in a
WGMR: (a) Linewidth measurement in the under-coupling regime. (b) Ringing
measurement with fast frequency sweep. Adapted with permission from Ref.
[69], © 2014 Optical Society of America.
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shown in Fig. 7(c and d).

2.2.5. Thermal bistability based probing method
The probed spectral shape of an optical resonance in a WGM re-

sonator is usually Lorentzian. However, it can be distorted as a result of
thermal bistability [85,86]. If we consider the case of a taper-coupled
silica resonator which has a positive thermo-optical coefficient, a
fraction of the laser power is absorbed by the cavity as the frequency of
the laser approaches the center frequency of a resonant mode from the
blue side (the shorter wavelength side). The generated heat leads to a
downshift of the resonant frequency, thereby following the laser fre-
quency sweeping direction. The line shape is then broadened as shown
in Fig. 8 and vice-versa in the opposite case [86]. Note that in slow
timescales, the thermal expansion effect should also be taken into ac-
count as an opposite sign of this coefficient can result in thermal os-
cillations. The oscillation time scales can be in the order of 1 s for
millimeter-size WGM resonators [87]. On the other hand, self-thermal
locking can occur when signs of the thermal-expansion coefficient and
the thermo-optical coefficent are same [86]. It is important to note that
beside thermal effects, the WGM resonances can also be shifted by

mechanical stresses, such as those induced by the resonator mounting
[88].

Fig. 8 shows an application of thermal bistabiliy for the character-
ization of a microsphere laser [86]. As the excited resonant shape is
distorted, the coupled laser power into the resonator varies slowly in
the broadened side. This window can thereby be used to examine the
threshold and the slope efficiency of the laser in a fast timescale. Self-
thermal locking when the laser frequency is fixed has also been used to
verify the validity of this method [86]. Note that self-thermal locking
and thermal bistability are also frequently used in Kerr frequency comb
generation and helps to monitor the onset regime for soliton generation
[31].

3. Rare-earth lasers

We have introduced the basics of traditional TIR MRRs and WGMRs
in the preceding section. Here we briefly review some of the most im-
portant applications of these MRRs in laser systems.

It is known that high Q-factors and small mode volumes can en-
hance the light fields in the resonator and thus greatly reduce the
threshold pump power. Another important characteristic is that
narrow-linewidth lasing can be facilitated by high Q-factors. The fun-
damental laser linewidth limit is given by the Schalow-Townes equation
[89] =ν πhν ν PΔ 2 (Δ )/L r out, where hν is the photon energy and νΔ r is the
linewidth of resonance mode which is inversely proportional to Q. If we
consider a Q factor of 108 for a cold MRR at 1064 nm and an output
power of 1mW, the fundamental linewidth limit would be 9mHz. Note
that the fundamental linewidth limit above laser threshold is two times
smaller and is known as the modified linewidth equation [90].

Rare-earth lasers can involve three or four energy levels, and Fig. 9
illustrates the generic energy diagrams of three-level and four-level
lasers [89]. The transitions related to pumping and lasing energy levels
are highlighted as solid arrows together with non-radiative relaxation
in dashed arrows. In this section, we will review rare-earth based lasers
developed using NPROs and WGMRs from the aspect of materials either
as host or surface functionalization.

3.1. NPRO

A very important development of TIR MRRs-based lasers is the
nonplanar ring oscillator invented by Kane et al. in 1985 [91]. It has
become a well-known commercial high-coherent continuous-wave (cw)
laser source. A typical geometry of an Nd:YAG NPRO is shown in Fig. 2
(b) with three TIRs and one reflection on a coated surface for free space
coupling [92]. The light path in one round-trip does not lie on one
plane. A nonplanar structure is formed by reflections on tilted surfaces,
so as to create loss differences between clockwise and counter-clock-
wise modes with the presence of a magnetic field due to the Faraday
effect. More details on this concept can be found in Ref. [93]. The
successful application of NPROs covers various areas where high-co-
herence and rigidity is required. To date, NPROs have been chosen as
laser sources in gravitational wave detection on ground in LIGO, and in
the LISA Pathfinder satellite mission in space [94,95], amongst other
projects. NPROs have used various YAG materials, such as Nd:YAG,
Yb:YAG, Ho:YAG, Tm:YAG, Er:YAG, in order to generate narrow-line-
width lasers at other frequencies [91,92,96–105].

Fig. 7. The excitation mapping technique for recognizing WGMs: the side view
illustration of a tapered fiber coupler moving in the vicinity of a silica micro-
sphere WGMR in the vertical direction (a) and a silica microtoroid WGMR in
the angular direction (c). (b,d) Waterfall plot of the mapping results for the
microsphere and the microtoroid respectively. Adapted with permission from
Ref. [83], © 2010 Optical Society of America.

Fig. 8. The thermal bistability phenomenon utilized for fast WGMR microlaser
characterization. Adapted with permission from Ref. [86], © 2012 Optical So-
ciety of America.

Fig. 9. Energy-level diagrams of rare-earth materials for three-level laser (a)
and four-level laser (b).
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It was recently reported that narrow-linewidth beams carrying or-
bital angular momentum (OAM) can be directly generated using an
NRPO platform [105]. OAM of light has been attracting significant
interest in recent years due to its applications in superesolution mi-
croscopy, high capacity optical communication, optical manipulation
and quantum optics [106,107]. Fig. 10(a) illustrates the schematic of
the monolithic OAM emitter at 1064 nm pumped by a Gaussian beam at
808 nm. A photography of this laser in operation is presented in
Fig. 10(b). The round-trip path of the laser beam was recorded by a
camera. The emission of Laguerre-Gaussian beams was realized by off-
axis pumping to selectively excite the high-order modes in the NPRO. It
should be noted that nonplanar ring optical resonators based on four
mirrors have also been used to study quantum dynamics in synthetic
Landau levels for photons [108].

Moreover, spatially distributed crystal-like OAM was found as a
result of superposition of different Laguerre-Gaussian (LG) modes [92].
The lasing power curves as a function of the pump power are plotted in
Fig. 10(c) for the fundamental Gaussian mode, the LG01 mode and the
vortex crystal mode lasing. Fig. 11 shows a typical narrow linewidth
beat note of a laser beam carrying vortex crystals. It was obtained by
beating with a commercial narrow-linewidth reference laser. A 3 dB
linewidth of 2 kHz was recorded. The inset shows the spectrum of the
scanning Fabry-Perot (FP) signal indicating single-frequency operation.

3.2. WGMR

WGM resonators generally feature better Q factors and smaller
mode volumes in comparison to NPROs. Therefore, these resonators are
expected to enable ultra-low threshold lasing in the microwatt or even
nanowatt regime [43,45]. An extended literature has been devoted to
investigate various functional materials including rare-earth, metal,
organic and semiconductor materials using the WGMR platform (recent
works include for instance, Refs. [109–136]).

Rare-earth materials are particularly important for in solid-state
laser technology. For example, stimulated emission in a rare-earth

WGM resonator was demonstrated soon after the invention of the laser
[139]. The laser gain material can be directly doped into host materials
such as crystals, fused silica, or ZBLAN glasses [43,45,140]. Another
approach is to functionalize the surface of the cavity by coating or
embedding with a layer of gain materials. A typical example is through
sol-gel coating. Fig. 12(a and b) shows photographs of silica micro-
spheres coupled with a tapered silica fiber by pumping at 980 nm
[137]. The visible green light originates from upconverted photons
coupled into WGMs with different polar mode numbers p. The threshold
power is found to be in the order of tens of μW, as shown in Fig. 12(c).

A continuous-wave threshold at room temperature as low as 200 nW
was reported by Sandoghdar et al. in 1996 using a prism-coupled
neodymium-doped silica microsphere [141]. In 2010, Lin et al. de-
monstrated a single mode lasing with threshold down to 65 nW [138].

Fig. 10. Lasing in an Nd:YAG NPRO: (a) Illustration of the vortex laser. (b)
Photograph of the Nd:YAG NPRO with laser on action (top) and a schematic
drawing of off-axis pumping (bottom). (c) Lasing characterization for a fun-
damental Gaussian beam, a Laguerre-Gaussian beam and a vortex-crystal beam.
Adapted with permission from Ref. [92], © 2019 Optical Society of America.

Fig. 11. Typical single frequency beating signal featuring a resolution limited
2 kHz linewidth by mixing it with a reference laser. Inset: the transmitted signal
from a scanning Fabry-Perot interferometer. Adapted with permission from Ref.
[92], © 2019 Optical Society of America.

Fig. 12. (a,b) Photographs of the silica microsphere WGMR functionalized with
Er-doped solgel films with different modes excited by a tapered fiber. The green
color results from the upconverted luminescence. (b) The laser output power as
a function of the absorbed pump power. Inset: Lasing spectrum. Adapted with
permission from Ref. [137], © 2003 Optical Society of America. (For inter-
pretation of the references to color in this figure legend, the reader is referred to
the Web version of this article.)
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The silica microsphere was coated with core-shell nanocrystals (core:
Nd3+:Gd2O3, shell: silica) and further annealed with a CO2 laser beam.
A tapered fiber was used to couple the pump laser at 808 nm in and the
lasing signal out from the cavity. Fig. 13(a) shows the photograph of the
microsphere fabricated on the tip of a single mode fiber. Also shown is
the emission spectrum slightly above lasing threshold. The zoom-in of
the spectrum is offset in order to allow for a comparison between the
lasing modes and the luminescent modes. One can see that the photo-
luminescence (PL) was coupled into WGMs and also featured narrow
linewidth peaks in the spectrum. Nevertheless, the lasing mode stood
out in comparison to PL modes and its power increased linearly above
threshold. In contrast, the power of the PL modes actually turned to be
saturated above the threshold pump power due to the gain competition
with lasing modes as reported in Ref. [86]. Fig. 13(b) shows the re-
corded ultralow-threshold operation using the thermal bistability effect
introduced previously [86]. The inset shows the measured cold cavity
linewidth, which is in the order 108 for the functionalized cavity around
the lasing wavelength, indicating no clear degradation of Q-factor
during the functionalization with nanoemitters.

4. Non-centrosymmetric materials for nonlinear photonics

The specific properties of MRRs not only favor the application in
rare-earth laser developments, but also facilitate the investigation of
nonlinear photonics using cw lasers operating in the low power regime
(mW or lower) [30]. It is therefore interesting to study TIR MRRs made
from non-centrosymmetric materials, in order to benefit from their in-
trinsic second-order nonlinearity. Note that WGM resonators have been
used to study second-harmonic generation in centrosymmetric mate-
rials with molecular surface layers [142] or using an asymmetric cavity
[143]. Here, we mainly review the application of crystalline MRRs,

which are characterized by their much larger nonlinearity and thus
better conversion efficiency.

The nonlinear optical effects originate from the polarization re-
sponse of dielectric materials in the presence of an intense laser beam
electric field [144,145]. The polarization dependence at the atomic
scale on the electric field can be expanded in power series following

= + +P P P P(1) (2) (3), with P(1) being the linear term, and P(2,3) being
the nonlinear terms. The second-order nonlinear term is expressed as

= χP EEε 2(2)
0

( ) , where ε0 is the permittivity of free space, χ (2) is the
second-order nonlinear susceptibility and E is the electric field of the
light beam. The χ (2) tensor is actually non-zero only for non-cen-
trosymmetric optical materials. This second order term is responsible
for various three-wave mixing (TWM) effects. Fig. 14(a) illustrates two
types of TWM processes in the energy level diagram with dashed lines
as virtual energy levels. TWM is a parametric process in which two
photons can be converted into one photon, provided that energy and
momentum are conserved, such as in second-harmonic generation
(SHG) and sum-frequency generation (SFG). Reversely, one photon can
also be down-converted into two photons, a process which is known as
optical parametric oscillation (OPO) above threshold. Such effects can
be amplified using single- or multiple-resonant enhancement in MRRs
as shown in Fig. 14(b).

The momentum conservation law imposes a strict phase-matching
requirement for efficient TWM processes. For a typical macroscopic
MRR, non-critical phase matching is often used in a z-cut geometry as
shown in Fig. 15(a), for which the temperature is usually set to an
optimal point where the material dispersion is such that the phase-
matching condition is fulfilled. In WGM resonator platforms, three main
phase-matching techniques have been demonstrated so far. The tradi-
tional phase-matching methods used in bulk crystals such as non-cri-
tical phase-matching (NCPM) and quasi-phase-matching (QPM) can be

Fig. 13. Microsphere WGMR laser functionalized through Nd-doped Gd2O3

core-shell nanocrystals embedding. (a) The lasing spectrum with the pump
power near the threshold. Inset: a photograph of the microsphere fabricated in a
tapered fiber tip. (b) The laser power as a function of the absorbed pump power
showing a cw pump power threshold of about 65 μW. Adapted with permission
from G. Lin et al. Proc. SPIE 7716, 771622 (2010) [138].

Fig. 14. Illustration of three-wave mixing phenomena: (a) Energy-level dia-
grams. (b) Resonance enhanced second-harmonic effect utilizing TIR based
MRRs and WGMRs.

Fig. 15. Three phase-matching techniques for monolithic ring cavities: (a) Non-
critical phase-matching, (b) Quasi-phase-matching (radial and linear poling),
(c) Cyclic phase-matching.
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employed as illustrated in Fig. 15(a and b). Both radial and linear
poling can be applied in WGM resonators made from ferroelectric
materials [30,47]. A new phase-matching method was developed in the
WGMR platform by Lin et al. with an x-cut BBO disk in 2013 [146,147].
Fig. 15(c) shows the scheme of this geometry where the optic axis lies
on the disk plane leading to a special WGM with oscillatory refractive
index upon propagation. Further details will be discussed in the section
devoted to beta barium borate crystals.

4.1. Lithium niobate (LiNbO3)

Lithium niobate (LiNbO3) is widely used in integrated photonics and
in the IR regime for applications based on second-order nonlinearities.
As far as LiNbO3 resonators are concerned, early research has been
carried out using mechanically polished TIR MRRs with triangular or
rectangular round-trip paths as illustrated in Fig. 16. Note that non-
critical phase-matching (NCPM) is often used in such cavities for effi-
cient nonlinear optical processes including SHG, SFG and OPO, which
typically require working temperature above 100 °C. High conversion
efficiency with cw pump power has been reported in several research
works [148–153]. For instance, 65% conversion efficiency was reported
with 310mW pump power at 1064 nm [148]. OPO threshold in the
regime of sub-W was successfully achieved as well. Conversion effi-
ciency exceeding 5% with pump power above 5mW was also demon-
strated using a fully TIR monolithic resonator [150]. Two CaCO3 prisms
with perpendicular optic axis orientations were used to selectively in-
couple the fundamental frequency and out-couple the second-harmonic
from the cavity as illustrated in Fig. 16(b). Recently, precision diamond
turning was also used in fabricating this type of nonlinear cavities for
squeezed light generation [153].

TWM phenomena in LiNbO3 WGM resonators have also been widely
investigated both theoretically and experimentally [29,30,47]. In mm-
size WGM resonators, Q above 108 and QPM-based efficient SHG in
periodically poled LiNbO3 (PPLN) have been reported in 2004 [154].
Efficiency as high as 9% with only 30 μW cw pump power at 1064 nm
was demonstrated by using non-critical phase-matching in a LiNbO3

disk in 2010 [155]. Cyclic phase-matching as developed by Lin et al., in
2013 [146] was also applied for LiNbO3 WGM resonators in both μm
and mm-size cavities [156,157]. The same cavity configuration was
recently used for natural quasi-phase-matching in LiNbO3 microdisks
[158]. It should be noted that the resonance-enhanced TWM processes
also include SFG, OPO and other cascaded effects [159–166]. In the
case of microscale LiNbO3 WGM resonators, several works have re-
ported progress on the technology of high-Q, on-chip LiNbO3 micro-
disks [156,167–174]. The fact that mm-size lithium niobate WGM re-
sonators can be polished in both x- and z-cut also makes them suitable
for several applications in photonics where these optical anisotropies
are of specific interest [175].

4.2. Beta barium borate

Along with LiNbO3, beta barium borate (BBO) is a commonly used

nonlinear crystal, which has relatively large nonlinear coefficient and
wide transparency window into the ultra-violet (UV) regime. BBO WGM
resonators can feature high Q-factors, in the order of 108 at 370 nm
[146]. However, BBO is a non-ferroelectric material, thereby not sui-
table for periodic poling. As a result, phase-matching was then explored
by investigating symmetry breaking in a non-z-cut BBO WGMR
[146,147,176]. Birefringence is another property of this crystal that
strengthens the interest of the scientific community for such geome-
tries. For example, it was shown that high-Q WGMs only exist as or-
dinarily polarized modes in angle-cut BBO WGM resonators, when the
optic axis is tilted from the symmetric axis of the disk. Consequently,
light waves were found to feature a rotating polarization orientation
upon propagation in a high-Q WGM [176].

On the other hand, laser light propagation in a WGM featuring an
oscillatory refractive index alternating from ordinary to extraordinary
upon propagation in an x-cut BBO was demonstrated in 2013 [146].
Fig. 17(a) depicts such an x-cut geometry for SHG in a BBO disk. Perfect
phase-matching points can be found within one round-trip covering a
wide spectral range, leading to the so called cyclic phase-matching
[146]. As shown in Fig. 17(b and c), SHG with fundamental wave-
lengths from visible to infrared was demonstrated as well, and further
details can be found in Ref. [146]. Broad tuning of a UV laser from the
BBO WGM doubler was also realized by combining both stress and
temperature tuning methods [147].

4.3. Other materials

WGM resonators have emerged as an ideal platform to explore not
only fundamental material properties, but also their application for
generating laser sources in new spectral windows. Macroscopic crys-
talline WGM resonators have been fabricated from various other ma-
terials including lithium tetraborate, lithium tantalate and CdSiP2 for

Fig. 16. Illustration of reported nonlinear frequency conversion using TIR
based MRRs made from lithium niobate: (a) HR coating for free space coupling
and (b) Full TIRs with prism coupling. SHG: second-harmonic gereration. SFG:
sum-frequency generation. OPO: optical parametric oscillation.

Fig. 17. Cyclic phase-matched wide range second harmonic generation in a
high-Q BBOWGMR. (a) Illustration of the prism-coupled x-cut BBOWGMR with
the optic axis parallel to the disk plane. (b) Photograph of the setup. (c) The
conversion efficiency of second harmonic generation into UV wavelength of

nm317 as a function of the incoupled pump power. Inset: typical scanning
WGMR spectrum at the pump wavelength and the monitoring of the harmonic
signal. Reprinted with permission from Ref. [146], with the permission of AIP
Publishing.
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SHG into UV or OPO into the mid-infrared (mid-IR) regime
[166,177–186]. For instance, a high-Q AgGaSe2 WGMR coupled by a
silicon prism was used to generate mid-IR lasers up to 8 μm [183].
Fig. 18(a) presents an example of the signal output power as a function
of the pump power, showing cw threshold power in the mW regime.
The temperature tuning curves are given in Fig. 18(b).

5. Centrosymmetric materials for nonlinear photonics

Although second-order nonlinearity is typically only present in non-
centrosymmetric materials, the third-order nonlinearity does not re-
quire special symmetries. It is related to the third nonlinear polarization
term of the material in response to the electric field of a light beam,
following = ε χP EEE3(3)

0
( ) where χ 3( ) is the third-order nonlinear sus-

ceptibility of the material. The corresponding nonlinear photonic ef-
fects with WGM resonators are illustrated in Fig. 19. Fig. 19(a) depicts
four-wave mixing (FWM) processes in a WGM resonator. Such effects
include third-harmonic generation (THG) and regular FWM, whose
energy diagrams are given in Fig. 19(b and c), respectively. As illu-
strated in Fig. 19(d), other types of third-order nonlinear optical effects
are stimulated Raman scattering (SRS) and stimulated Brillouin scat-
tering (SBS), which involves the interaction of photons with optical or
acoustic phonons. The energy diagrams of Stokes and anti-Stokes waves
with creation and annihilation of phonons are shown in Fig. 19(e and f),
respectively.

5.1. Fused silica

A quite common optical material for TIR based MRRs is fused silica.
Due to the mature fabrication techniques for high-purity silica for low-
loss optical fibers, ultra-high Q WGM resonators above 109 in the visible
and near IR regimes have been demonstrated early in silica WGM mi-
crosphere resonators [63,64]. Such cavities can be fabricated using

surface tension induced by heating with a flame or a laser. Traditional
mechanically polished fused silica TIR MRRs featuring Q around 108

have also been reported [38]. To date, various types of ultra-high Q
WGM resonators made from fused silica have been demonstrated, in-
cluding microspheres, microtoroids and microbottles. Several research
works have been carried out using fused silica WGM resonators in areas
such as opto-mechanics, microlasers, sensors and nonlinear photonics
[187–213].

An illustration of THG as a nonlinear optical effect is presented in
Fig. 20, using a fused silica microtoroid with a cw pump power less than
300 μWat telecom wavelength. Sum-frequency generation based on the
third-order nonlinearity of fused silica was also reported in Ref. [191].
Recently, THG was also investigated with increased fiber coupling using
a deformed WGMR resulting from chaos-assisted momentum transfor-
mation [143]. The finesse of these cavities can exceed 106 in a silica
micro-WGMR with Q above 108. As a result, intense light field can be
built up even with a very low pump power in the μW regime. These
WGMR platforms have thereby been used to investigate very low
threshold SRS and SBS phenomena [30].

An important discovery based on FWM in WGM resonators is the
generation of Kerr frequency combs with single frequency laser
pumping [192]. Fig. 21(a) displays a Kerr comb spectrum generated
using a chipscale silica microtoroid [192]. The energy diagrams of
degenerate and non-degenerate FWM are given in Fig. 21(b) and (c),
respectively, along with a photograph of the cavity. Note that cascaded
effects combined with other nonlinear optical effects such as SRS, SHG
and THG have been observed as well [199–203]. Important applica-
tions of such microcavity combs have been recently demonstrated in
the areas of microwave photonics, spectroscopy and laser ranging
[28,31–33]. It should also be noted that ultra-high Q WGM resonators

Fig. 18. Optical parametric oscillation from a crystalline WGMR made of
AgGaSe2. (a) OPO signal output at 2.54 μm versus the pump power at 1.57 μm.
Inset: photo of the silicon prism coupled WGMR. (b) The idle wavelengths
versus the temperature of the cavity with theoretical curves. Reprinted with
permission from Ref. [183]. © 2017 Optical Society of America. (For inter-
pretation of the references to color in this figure legend, the reader is referred to
the Web version of this article.)

Fig. 19. Typical nonlinear frequency conversion phenomena in in WGM re-
sonators made from centrosymmetric materials. (a) Illustration of traveling
light waves in WGM resonators. (b,c) Energy-level diagrams of third harmonic
generation and four-wave mixing. (d) Illustration of WGM resonators in pre-
sence of phonons. (e,f) Energy-level diagrams of stimulated light-photon scat-
tering processes: (Stokes and anti-Stokes).

Fig. 20. Third-harmonic generation in silica microcavities. (a) Photographs of a
silica microtoroid coupled with a tapered fiber. (b) Photographs of the non-
linear cavity with two pump lasers in counter-rotating directions: same lasers
(top), different lasers (bottom). Reprinted by permission from Macmillan
Publishers Ltd.: Carmon et al. Nat. Phys. 3, 430 (2007) [191]. Copyright 2007.
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can be fabricated with fused quartz as bulk material [214].

5.2. Fluoride crystals

Fluoride crystals are very popular optical materials for the fabrica-
tion of WGM resonators. They usually feature high transparency in the
spectral range covering from UV to mid-IR, often used as optical win-
dows. However, crystal lattices can be broken if one tries to use surface
tension methods to form a high-Q crystalline WGM resonator.
Therefore, ultra-high-Q crystalline WGM resonators are generally pro-
duced using mechanical polishing techniques [215]. The highest Q is in
the order of 1011, and it was reported in a CaF2 WGM resonator [67]. To
date, fluoride WGM resonators have been produced and investigated
from crystals including CaF2, MgF2, BaF2, SrF2 and LiF crystals (see for
example refs [66,154,216–228]). Such WGM resonators can be used to
provide narrow linewidth lasers using self-injection locking technique
based on Rayleigh scattering [124,229,230].

The Raman gain bandwidth is typically several orders of magnitude
larger than that of the Brillouin gain, even though gain coefficient is
smaller. For this reason, SRS tends to be easier observed in WGM re-
sonators [231]. Interestingly, phase-locked Raman combs with one and
multiple-FSR spacing in the normal dispersion regime was recently
reported with BaF2 WGM resonators [81]. With respect to the SBS effect
[232], precise Brillouin frequency shift matching single or multiple-FSR
was generally the preferred strategy to achieve Brillouin lasing, using
the high-Q modes that appear in the gain profile [217]. It was latter
reported that cascaded Brillouin lasers can still be generated in a large
mm-size WGM resonators, which favors rich multimode structures
[221]. A recent theoretical study has found that BaF2 WGM resonators
with proper orientation along [111] feature small variation of Brillouin
shift upon intracavity propagation, and therefore, BaF2 is expected to
be a particularly suitable crystal for Brillouin lasing among these
fluorides [233].

It should also be noted that the ultra-high Q factors that can be
achieved with fluorite crystals have been one of the key property that
has led to the emergence of the science and technology of Kerr optical
frequency combs. This topic has been thoroughly investigated experi-
mentally, but has also been the focus of an extended body of literature
from the theoretical viewpoint (see for example refs. [234–240] and
references therein). Beyond Kerr comb generation, the large crystalline

WGM resonators also provide an ideal platform to study the interaction
of photons with matter scaling from electronic to lattice levels. Si-
multaneously, generation of stable SRS, SBS together with FWM combs
can be easily created by pumping a fluoride WGMR with one billion Q
factors, and this phenomenon has been referred to as universal non-
linear scattering [227]. Fig. 22(a) shows the optical spectrum pumped
by a locked laser with few tens of mW at the telecom wavelength of
1550 nm around the pump and the Raman lasing components are pre-
sented in Fig. 22(b and c). One can clearly observe the Brillouin laser
lines, Raman comb lines and the Kerr comb lines. Note that triple combs
around the pump, Brillouin Stokes and anti-Stokes were also reported in
a SrF2 disk [227].

5.3. Other materials

Other centrosymmetric materials have also been explored using
ultra-high Q WGMR platforms. For instance, a diamond WGMR was
demonstrated with Q factors in the order of 107, limited by the purity of
the single-crystal diamond synthesized using chemical vapor deposition
[59,241]. Recently, Q factors above one billion in silicon WGM re-
sonators at the telecom wavelength was also reported [60]. Similar Q
factors have also been demonstrated in WGM resonators made from
quartz and sapphire crystals [65,68]. Photonic systems based on chal-
cogenide compounds have been reported [242,243]. Many other ma-
terials can also benefit from WGMR platforms either by changing the
entire host material or through surface coating [244–247]. Combined
with particular advantages of these optical materials, such WGM re-
sonators can find potential applications in sensors, telecommunications
and metrology.

6. Conclusion

We have briefly reviewed the development of traditional TIR MRRs
and WGM resonators for photonics applications. Their long-lifetime
photon-trapping capability and in-built nonlinearity has permitted
these devices to be at the center of various systems, including narrow-
linewidth Gaussian and vortex laser beams, rare-earth solid-state lasers,
optical frequency converters, Brillouin lasers, Raman lasers, Kerr op-
tical frequency combs, just to name a few.

Even though the literature related to the principles and applications
of these resonator is already quite large, there are indeed several ave-
nues for future research on this topic. A straightforward challenge is to
achieve a better theoretical understanding of the phenomena that are
induced by the laser-matter interaction, including at the quantum level

Fig. 21. Kerr optical frequency comb generation in a silica microtoroid on-chip.
(a) The optical spectrum, (b) Energy-level diagram, (c) Image of the cavity.
Reprinted by permission from Macmillan Publishers Ltd.: Del’Haye et al.,
Nature 450, 1214 (2007) [191]. Copyright 2007.

Fig. 22. Universal nonlinear scattering in a crystalline WGM resonators made
from BaF2 involving SRS, SBS and FWM processes simultaneously. (a) The
optical spectrum and a photo of the SF11 prism coupled BaF2 disk. (b,c) The
zoom-in optical spectra in the pump and Raman spectral windows, respectively.
Adapted with permission from Ref. [227], © 2016 Optical Society of America.
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[248]. Major advances have been achieved in the context of Kerr comb
generation, but the other nonlinear interactions have not benefited
from the same attention from the scientific community. The second
objective is to develop systems with performances that are competitive
with existing or alternative technologies. The preliminary results so far
are indeed encouraging but the leap from the laboratory to commercial
products requires to optimize many parameters such as power effi-
ciency, robustness and stability.
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