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Dynamics of Optoelectronic Oscillators With
Electronic and Laser Nonlinearities
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Abstract— We present a theoretical and experimental study
of a low-frequency optoelectronic oscillator featuring both laser-
diode and Van der Pol-like nonlinearities. In this architecture, the
device performing the electrical-to-optical conversion is the laser-
diode itself instead of an external electro-optical modulator, while
the electric branch of the oscillator is characterized by a Van der
Pol nonlinear transfer function. We show that the system displays
a complex autonomous dynamics, induced by the competition
between these two nonlinearities. In the case of small delay,
the system displays harmonic and relaxation oscillations. When
the delay is large, the interplay between the two nonlinearities
leads to a period-doubling route of bifurcations as the feedback
gain is increased, and ultimately to fully developed chaos. Our
experimental measurements are in good agreement with the
theoretical analysis.

Index Terms— Optoelectronic devices, nonlinear oscillators.

I. INTRODUCTION

OPTOELECTRONIC oscillators (OEOs) are autonomous
nonlinear systems with a feedback loop constituted with

an optical and an electrical branch. In general, these systems
are optically seeded by a continuous-wave laser (typically
around 800 or 1550 nm) and can output a radio-frequency
signal with a frequency range from 1 kHz to 100 GHz. Since
the pioneering work of Neyer and Voges [1], OEOs have
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been the focus of intense research activities from the funda-
mental viewpoint (see for example [2]–[21]). This interest
has also led to many applications in ultra-stable microwave
generation [22]–[35], optical communications [36]–[38], or
neuromorphic computing [39]–[43], amongst others. A general
overview of these applications is provided in [44]. OEOs also
emerged as relevant systems for sensing, measurement and
detection, as comprehensively reviewed in [45].

Differential Delay Equations (DDEs) are generally used to
model these OEOs, and the literature devoted to their nonlinear
delay dynamics has been particularly rich [46], [47]. In most
cases, the device performing the nonlinear conversion between
the electrical and the optical signal in OEOs is a phase
or intensity modulator with a sinusoidal transfer function.
However, other electro-optic or optoelectronic devices can be
used to perform this nonlinear conversion [20], [21], [48], [49],
thereby allowing for on-chip miniaturization and inte-
gration [31]. For example, in [48], an electroabsorption
modulated laser was used to simultaneously perform three
operations, namely lasing, photodetection and intensity
modulation. A compact architecture in which the intensity
modulation of the laser light is performed through a direct
optical feedback onto the laser-diode was proposed as well
in [49] and [50]. Another alternative to achieve the nonlinear
conversion can consist to use the power-intensity - or “PI” -
transfer function of the seeding laser diode itself without
external cavity. That transfer function is a “piece-wise linear”
nonlinearity (function equal to zero below a given threshold
current, and linearly increasing above).

On the other hand, OEOs generally have a linear electric
branch, where the electric signal is amplified and eventually
frequency-filtered. An open point is to investigate the behavior
of the OEO when this electric branch responds nonlinearly to
an input excitation. The nonlinearity we have chosen for the
electric branch is the one of the most standard in electronics,
and corresponds to the so-called Van der Pol-like nonlinearity.
As a historical note, that nonlinearity is originated from a
self-oscillatory system known as the Van der Pol (or VdP)
oscillator, introduced by Balthasar Van der Pol in the 1920s.
Since then, it has been a very fruitful paradigm for autonomous
and relaxation oscillations in physical and biological systems.

It is important to note that the additional nonlinearity is
expected to generate novel complex behaviors that do not exist
in the conventional OEO architectures, and which have the
capability to emulate enhanced functionalities for sensing and
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Fig. 1. The experimental set-up of the Van der Pol-optoelectronic oscillator
(VdP-OEO). DL: Delay line; PD: Photodiode; Ipol : Laser polarization current;
IRF: RF current from the feedback loop.

information processing. Indeed, even if the original applica-
tions of OEOs have mainly been oriented towards microwave
generation and optical chaos cryptography, it is known today
that OEOs are useful as well for photonic neuromorphic com-
puting [44], and allow for unprecedented performances [43].
In these analog computers, multi-nonlinearity in the feedback
loop of the OEO can enhance the computing capabilities of
the system. For example, certain tasks require strong coupling
between the computing nodes, and such coupling is generally
ensured by nonlinear mixing. In this regard, the Van der Pol
circuit has been shown to be an ideal element to harness
synchrony and memory effects in electronic neuromorphic
systems [51]–[54]. Therefore, inserting a Van der Pol circuit
into an OEO loop would allow to benefit simutaneously from
the large bandwidth of the photonic components, and from the
neuromorphic computing advantages of the Van der Pol-like
nonlinearity.

In this article, we aim to analyze this OEO where the laser-
diode nonlinearity is used to perform the conversion from
the electrical to the optical domain, and where the electric
branch has a VdP-like nonlinearity. We experimentally build
the system and investigate the complex output dynamics of
the electric signal in the time-domain. We also propose an
explicit nonlinear model to describe this dynamics in Sec. II.
The stability of this OEO is analyzed in Sec. III. Numerical
simulations for this model are performed and found to be in
excellent agreement with our experimental results in Sec. IV.
The last section concludes the article.

II. SYSTEM AND MODEL

Our OEO is displayed in Fig. 1, and is composed of the
following elements: (i) A continuous-wave (CW) distributed
feedback laser-diode source with telecom wavelength λ =
1550 nm, threshold current Ith = 16 mA, pump current
Ipol+ IRF(t) and output power P(t), where Ipol is the polariza-
tion current, IRF(t) is the time-varying radio-frequency (RF)
current, and P(t) can be varied from 0 to 10 mW;
(i i) An optical fiber cable with length L, yielding a time-
delay TD = nL/c where n = 1.5 is the group velocity
refraction index of the fiber, and c is the velocity of light in
vacuum; (i i i) An InGaAs photodiode (PD) with responsivity

Fig. 2. Experimental set-up of the Van der Pol oscillator. U1, U2 and U3
are operational amplifiers, while U4 and U5 are analog multipliers.

S = 4.75 V/mW at 1550 nm and detection bandwidth
of 100 MHz. This photodiode converts the incoming power
into an electric voltage V (t), which interacts with a VdP
oscillator before being converted back into a current IRF(t)
that is used to pump the laser-diode.

The electric circuit corresponding to the VdP oscillator
is explicitly shown in Fig. 2. The main components are:
The resistor R = 10 k�; The capacitor C = 10 nF;
The potentiometer RH with maximal resistance equal to
RHmax = 100 k�; The operational amplifiers U1, U2 and U3
(type LF356); The analog multipliers U4 and U5 (type AD633)
with differential inputs and divide-by-ten outputs. It is impor-
tant to note that, even though oscillators are in principle
autonomous, our VdP circuit features an input and an output
port, and is therefore inserted here as a nonlinear dipole in the
delayed feedback loop.

The electronic circuit is described by the following set of
equations:

dVout,x

dt
= 1

RC
Vout,y (1)

dVout,y

dt
= − 1

RC
Vout,x

+ km

RC

[
k p Kd Vin − K 2

d V 2
out,x

]
Vout,y (2)

where km = 10 is a dimensionless constant corresponding to
the fact that the resistance at the output of U5 is equal to R/10,
kp = 1−RH/RHmax is a dimensionless proportionality constant
from the potentiometer RH (continuously tunable from 0 to 1),
Kd = 0.1 V−1 is the proportionality factor of the multipliers,
and Vin is the input voltage. Let us introduce the dimensionless
time

τ = t

RC
(3)

and the dimensionless voltages

x = √
km Kd Vout,x (4)

y = √
km Kd Vout,y . (5)

By combining Eqs. (1) and (2), we find that the dynamical state
of the circuit obeys the following dimensionless autonomous
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equation

ẍ − (ε − x2)ẋ + x = 0, (6)

with ε = kmk p Kd Vin being the dimensionless gain of the
oscillator when the voltage Vin is held constant, while the over-
dot stands for the derivative with respect to the dimensionless
time τ . In the above equation, the transformation x → x/

√
ε

yields the original VdP equation of the form

ẍ − ε(1 − x2)ẋ + x = 0, (7)

but we prefer the form of Eq. (6) because in our case, it allows
to understand better the effect of the VdP-like nonlinearity
[(ε − x2)ẋ] in the OEO feedback loop. It is well known that
as its gain increases, a solitary VdP system undergoes a Hopf
bifurcation towards a stable limit-cycle with quasi-sinusoidal
oscillations. In our circuit, the frequency of the Hopf limit-
cycle is ω0 = 1/RC = 2π × 1.59 kHz. As the gain is further
increased, the harmonic oscillations change into relaxation
oscillations characterized by a slow-fast dynamics.

One of the most important component of our OEO is the
laser-diode, which performs the conversion from the electric
to the optical domain. The dimensionless nonlinear transfer
function of the laser diode is

D(x) = xH(x) = 1

2
[x + |x |] =

{
0 for x ≤ 0

x for x > 0,
(8)

where H(x) is the well-known Heaviside step-function which
is equal to 0 for x ≤ 0 and to 1 otherwise. Accordingly, the
diode nonlinearity function D(x) is null for negative x , and is
equal to x otherwise (linear increase).

In laser-diodes, the nonlinear transfer function is usually of
the form μD(I − Ith), which is equal to 0 for I < Ith, and
equal to μ(I − Ith) for I ≥ Ith. The parameter μ = ηd hν is the
laser conversion slope, with ηd being the quantum efficiency,
h the Planck constant, and ν the laser carrier frequency.
We have experimentally determined that μ = 0.21 mW/mA
for our laser. Hence, if we set I0 = Ith − Ipol, the power-
intensity (PI) transfer function of our laser-diode is therefore
P(t) = μD[IRF (t) − I0], or equivalently,

P(t) =
{

0 for IRF (t) ≤ I0

μ[IRF (t) − I0] for IRF (t) > I0.
(9)

It is important to note that here, even in the case where the
pump current and laser power are time dependent, it is legit-
imate to discard the internal dynamics of the laser (coupled
equations for carrier and photon density) and consider that
the output power P(t) adiabatically follows the pump current
I (t) via the nonlinear function D. This is possible because
our oscillations are expected to be of the order of kHz, that is,
much slower than the intrinsic GHz laser dynamics: otherwise,
we should have to account for the laser intracavity photons
and carrier dynamics [55]. The optical output power P is
then converted into the electrical domain through the pho-
todiode (PD), according to the relation V (t) = S P(t − TD),
where TD is the time-delay originating from the propagation
time in the fiber line between the laser and the photodetector,

and S the responsivity of the photodiode. The input voltage
used to polarize the VdP circuit can therefore be written as

Vin(t) = κV (t) = κSμD[IRF(t − TD) − I0], (10)

where κ is a dimensionless factor standing for all the linear
losses (electrical and optical) in the feedback loop. Finally,
the output voltage Vout ≡ Vout,x is converted to the current
IRF(t) = Vout,x(t)/RZ , where RZ = 50 � is the character-
istic impedance used for the voltage-to-intensity conversion.
Neglecting the electrical delay and considering only the optical
one, our VdP-OEO is described by the autonomous delay
equation

ẍ − [βD(xT − α) − x2]ẋ + x = 0, (11)

where T = ω0TD is the dimensionless delay,

β = μκSk p

√
km/RZ (12)

is the dimensionless gain, and

α = √
km Kd RZ I0 (13)

is the dimensionless offset value for the diode nonlinearity,
while we still have x = √

km Kd Vout,x , and the time delay
variable xT = x(τ − T ). The VdP-OEO described by Eq. (11)
degenerates to the usual VdP equation presented in Eq. (6) if
one replaces the diode function D(xT − α) by a constant.

III. STABILITY ANALYSIS

In order to understand the dynamics of this nonlinear
system, it is useful to determine the fixed points of the system,
and to investigate their stability. The dynamical Eq. (11) can
be rewritten under the form of the following flow

ẋ = y (14)

ẏ = −x + [βD(xT − α) − x2]y. (15)

Finding the fixed point requires to set all the time-derivatives
to zero, and we obtain the unique solution (x0, y0) = (0, 0),
which is the trivial fixed point. In order to investigate its
stability, this fixed point has to be perturbed as (x, y) = (x0 +
δx, y0+δy), and we have to determine the asymptotic behavior
of the perturbations. It can be shown that the perturbation flow
can be explicitly written as

δẋ = δy (16)

δ ẏ = −δx + βD(−α)δy, (17)

which is independent of the delay because of the mathematical
properties of the nonlinear function D. The perturbations can
be considered as dependent on the eigenvalue λ following
δx(τ ) ∝ eλτ and δy(τ ) ∝ eλτ , and by inserting these approx-
imations into Eqs. (16) and (17), we obtain the characteristic
equation

λ2 − βD(−α)λ + 1 = 0. (18)

The solutions of this eigenvalue equation are

λ± = 1

2

[
βD(−α) ±

√
β2D2(−α) − 4

]
, (19)
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and we find that the stability of the system critically depends
on the value of the parameter α.

In the case when α ≥ 0 (or Ipol ≤ Ith), we have D[−α] ≡ 0,
and the solutions for the eigenvalue equation are

λ± = ±i. (20)

The fixed point is in this case a center, which is topologically
equivalent to the fixed point of the harmonic oscillator. This
situation of neutral stability is such that the nature and
magnitude of the nonlinear terms are of critical importance
at the time to determine the behavior of the full system.

On the other hand, when α < 0 (or Ipol > Ith), we have
D[−α] ≡ −α, and the solutions for the eigenvalue equation
are

λ± = 1

2

[
−αβ ±

√
α2β2 − 4

]
, (21)

which is such that the real parts of the eigenvalues are positive.
The fixed point is therefore in this case an unstable node
or an unstable focus, and this configuration corresponds to
the typical case of a Van der Pol oscillator. The expected
phenomenology is that in the phase portrait, this unstable
trivial fixed point should be surrounded by a stable limit-cycle.

IV. PERIODIC AND CHAOTIC DYNAMICS

The setup described in Fig. 1 is used to record and analyze
the oscillating waveforms observed under different values of
the gain which is varied through kp for the experimental
measurements, and through β (which is proportional to kp)
for numerical simulations. In the experiment, the tuning of
the potentiometer RH gives the range of Vin from 0 to 3.38 V.
The polarization voltage is taken as Vth − Vpol = 1.31 V in
order to allow the laser to reach its linear region.

We first consider the case of short delay. The length of
the optical fiber cable is L = 42 m, yielding a time-delay
TD = 0.21 μs. The dimensionless delay T = ω0TD ∼
10−3 is significantly smaller compared to the time scale τ .
Consequently, the delay term xT = x(τ − T ) does not greatly
affect the dynamics of the system, which therefore becomes
two-dimensional for all practical purposes. According to the
Poincaré-Bendixon theorem, the attractors are necessarily
either fixed points or limit-cycles. In Fig. 3, it can be seen
that for low gain, one obtains a quasi-sinusoidal oscillation
after the Hopf bifurcation. As the gain is increased, we
observe a significant qualitative deviation from the harmonic
behavior. Figure 3 also unveils that as the voltage Vk (or k p)
is increased, the period of the oscillations increases as well.
The good agreement between the experimental results and the
numerical simulations validates the theoretical analysis. The
main difference between the VdP and the VdP-OEO is that
oscillations in the latter case are asymmetric, with a skewness
towards positive values. Along the same line, the transitions
from negative to positive values are slower than those from
positive to negative in the VdP-OEO, while both transitions
are of equal duration in the classical VdP oscillator.

For large delay (for instance, T = 4), the delay term
xT = x(τ − T ) considerably differs from x , and inde-
pendently affects the dynamics of the system. In particular,

Fig. 3. Temporal evolution of the VdP-OEO. Left column [(a), (b) and (c)]:
experimental measurements for R = 10 k�, C = 10 nF, TD = 0.21 μs and
Vth − Vpol = 1.314 V , when the gain is varied through kp . Right column:
corresponding numerical simulations from Eq. (11) for T = 2.1 × 10−3 and
α = 0.1, when β is varied. (d) x for β = 1.2; (e) x for β = 2.2; (f) y for
β = 2.2.

Fig. 4. (a) Numerical plots of the bifurcation diagram for the variable x
(maxima). (b) Lyapunov exponent � of the system for T = 4 and α = 0.1.
The labels (a)–(f) indicate the dynamical regimes corresponding to the phase
portraits of Fig. 5.

the dimensionality of the oscillator increases dramatically,
thereby allowing the emergence of different types of attractors,
including chaotic ones. This complex behavior results from
the interplay of the delay and the two nonlinearities of the
system (originating from the laser-diode and the Van der Pol
circuit). It should be noted that such large delays do not
need to be exclusively induced by the delay line, and instead,
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Fig. 5. Numerical simulations of Eq. (11) for T = 4 and α = 0.1 of
the VdP-OEO for various gain values β in phase space. These phase portraits
correspond to the operating points highlighted in Fig. 4(a). (a) β = 0.2: Quasi-
sinusoidal oscillations with low amplitudes. (b) β = 0.405: Quasi-sinusoidal
with high amplitude. (c) β = 1.01: Non-sinusoidal with high amplitudes.
(d) β = 1.4: Period-two oscillations. (e) β = 1.55: Period-four oscillations.
(f) β = 1.7: Chaos.

they can be implemented electronically using for example
digital signal processing (DSP) boards [5]. Figure 4(a) displays
a numerical bifurcation diagram from Eq. (11) as the gain
parameter β is increased with α = 0.1 and T = 4 (held fixed).
One can observe the classical cascade of frequency-doubling
bifurcations leading to fully developed chaos. In order to
unambiguously quantify the occurrence of chaos, the main
Lyapunov exponent of the system has been computed as

� = lim
t→+∞

1

t
ln

[ |δx(t)|
|δx(t0)|

]
, (22)

where δx(t) is the linear perturbation obeying

δẍ − [βD(xT − α) − x2]δẋ + (1 + 2x ẋ)δx

− β ẋH(xT − α)δxT = 0 (23)

around the solution x(t) from Eq. (11). It is known that a
positive Lyapunov exponent is an indication of chaos, and the
variations of � as a function of the gain β are displayed in
Fig 4(b). It can then be noted that in Fig 4, both the bifurcation
diagram and the Lyapunov exponent indicate the same window
of chaotic behavior for the chosen parameters.

It is interesting to note that in the bifurcation diagram,
there is a critical point (at β = 0.405) where a sudden
jump of amplitude occurs. This critical point, which arises
from a subcritical bifurcation, depicts a boundary between
two regions: for β ≤ 0.405, both variables x and y are
quasi-sinusoidal oscillations around the fixed point (0, 0), as
confirmed by the limit cycles of Figs 5(a) and (b); and for
β > 0.405, the phase portrait of Fig 5(c) unveils that those
variables do not display quasi-sinusoidal oscillations anymore.
Other two-dimensional projections of the system attractors
for different values of β are presented in Figs. 5(d)-(f).
At β = 1.4, the limit-cycle goes around twice before clos-
ing, as a consequence of a first period-doubling bifurca-
tion. Another period-doubling bifurcation creates the four-loop
cycle shown for β = 1.55, and after an infinite cascade of such
period-doublings, the system is driven to the strange attractor
that is shown for β = 1.7.

V. CONCLUSION

In this work, we have investigated an OEO with laser-diode
and Van der Pol nonlinearities. We have built the experimental
system and established the time-domain equations describing
its dynamics. The theoretical study has evidenced the emer-
gence of a Hopf bifurcation as the gain of the system is
increased, as well as a time trace asymmetry originating from
the laser-diode nonlinearity. The interaction of the time-delay
and both nonlinearities leads to some dynamical phenomena
that are not encountered in the classical OEO [14], [56],
such as sub-critical bifurcations and period-doubling routes
to chaos. In future research, we will explore the possibility
to use the threshold-like diode nonlinearity for the purpose of
pulse generation in OEOs [25], [57]. We will also consider
as well other types of complex behaviors that can occur
when the dimensionality of the system is expanded [58],
along with synchronization phenomena [59]–[61]. We intend
to investigate in future works the dynamical properties of
this novel type of oscillators that widens the perspective of
complexity in photonics [62].
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