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Abstract: We investigate the temporal dynamics of a multinonlinear electrooptical system
with delayed feedback. We show that when a self-sustained electronic oscillator is intro-
duced in the electric path of the feedback loop, a wide variety of complex periodic and
chaotic states can be excited. In particular, the chaotic breather and pulse-package oscil-
lations with slow–fast temporal dynamics are experimentally observed in the system, and
they are characterized by excitablelike trajectories and scroll patterns in the state space.
We show that a notable specificity of these chaotic states is the presence of three distinct
and well-separated timescales in the temporal time traces. We analyze the interaction be-
tween the main nonlinearities of the system and the delayed feedback loop, and finally,
we discuss the main dynamical features displayed by this family of photonic systems.

Index Terms: Nonlinear oscillations, breather dynamics, electrooptical system, delayed
feedback, chaos.

1. Introduction
Photonic systems with delayed feedback have been the focus of intense research activities in
recent years. These systems have been shown to be excellent platforms to investigate the inter-
action between the complexity induced by nonlinearity and the infinite dimensionality inherent to
the time-delay [1]–[4].

In this regard, electro-optical (or optoelectronic) oscillators with delayed feedback have been
investigated extensively from both the fundamental and applied points of view. These systems
have been originally introduced by Neyer and Voges in [5] as an integrated optics implementa-
tion of an Ikeda-like oscillator [6], [7]. In their simplest architecture, these oscillators are generally
characterized by a continuous-wave (CW) laser seeding a Mach-Zehnder (MZ) electro-optical
oscillator. The modulated signal travels through a long fiber delay line and, subsequently, is
photodetected. The transduced electric signal is then filtered, eventually amplified, and con-
nected back to the MZ modulator. When the overall normalized gain is higher than unity, the

Vol. 8, No. 4, August 2016 7803608

IEEE Photonics Journal Breather and Pulse-Package Dynamics

mailto:yanne.chembo@femto-st.fr


system oscillates via a Hopf bifurcation and simultaneously generates a microwave and a light-
wave signal. The oscillator therefore features a continuous transduction of energy from the mi-
crowave to the lightwave frequency ranges, and vice-versa.

Two sub-families can be outlined, depending on the bandwidth of the electric branch in the
feedback loop. On the one hand, when the filter is narrow, the dimensionality of the system is
reduced and can be used to generate ultra-stable microwave signals [8]–[12]. Applications in
this case are essentially in the area of aerospace engineering [13], sensing [14], and time-
frequency metrology [15]–[19]. It should be emphasized that the coherent nature of the mutual
coupling between the microwave and lightwave signals is one of the most important characteris-
tics of this microwave photonic system, which can be used as well for pulse generation in opti-
cal fiber networks [20]–[24]. On the other hand, when the filter is broad, the oscillator has a very
high dimensionality and can output hyperchaotic microwave signals [25]–[29]. Such broadband
signals find their main applications when they are synchronized [30]–[34] for optical chaos com-
munications [35] or when used for neuromorphic computing [36], [37].

The many applications related to this oscillator are a natural incentive to explore new architec-
tures for this oscillator. In particular, it is noteworthy that the only nonlinearity of the system is
the sinusoidal transfer function of the MZM. In fact, the electric branch of the feedback loop is
always linear in the cases described above. However, implementing a nonlinear electronic feed-
back instead of a linear one permits to increase significantly the complexity of the oscillator and
allow for new functionalities. In this paper, we explore a new architecture where the electronic
branch of the feedback loop is nonlinear. We insert a self-sustained oscillator in the loop and in-
vestigate the various dynamical states generated when the system is in the oscillatory regime.

The article is organized as follows. In Section 2, we describe and characterize the nonlinearity
of the electric branch in the feedback loop. Section 3 is devoted to the description of the full
multi-nonlinear electro-optic oscillator. The complex dynamics of the system is studied in
Section 4, where we analyze the breather and pulse-package dynamics of the system in the
temporal domain and in the state-space. The last section will conclude this paper.

2. The System
In this section, we describe the architecture of the electro-optic oscillator with delayed feedback.
The schematic representation of this system is presented in Fig. 1. The optical signal in the
feedback loop is provided by a continuous-wave Distributed Bragg Reflector (DBR) semiconduc-
tor laser. It delivers up to 12 mW with a pump current of 100 mA, at the telecom wavelength
� ¼ 1559:8 nm. The threshold of this laser is obtained for a pump current measured at
Ith ¼ 27:3 mA. The laser seeds an electro-optic lithium niobate Mach-Zehnder modulator (MZM),
characterized by a RF half-wave voltage V�RF and DC voltage V�DC. The transfer function of the
MZ modulator is characterized by a sinusoidal nonlinearity, which allows for the control of the
output optical power using voltages applied at the RF and DC electrodes of the modulator.
The output signal of the MZM travels through an optical fiber of length L ¼ 100 m, which

Fig. 1. Experimental setup for the multinonlinear electrooptic oscillator. MZM: Mach–Zehnder modu-
lator; DL: delay line; PD: photodiode; VdP: Van der Pol circuit; BPF: bandpass filter (note that this
element stands here for all the bandpass filtering elements of the electric branch); OC: offset con-
troller; MC: microwave coupler; Amp: amplifier.
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induces a time delay T ¼ ngL=c ¼ 0:5 �s, where ng ¼ 1:5 is the group velocity index of the fiber
at telecom wavelength, and c is the velocity of light in vacuum. The delayed optical signal is de-
tected by a fast photodiode with an optical/electrical conversion factor S ¼ 0:95 A/W. This elec-
tric signal is fed to a Van der Pol circuit whose output is offset-controlled, amplified, and fed back
to the DC electrode of the MZM. The overall bandwidth of the feedback loop is mainly controlled
by the buffer amplifier in the electric branch and is experimentally found to span from fL ¼ 13 Hz
(low cut-off frequency) to fH ¼ 2:66 MHz (high cut-off frequency).

The dynamical property of the system are usually ruled by the spectral properties of the band-
pass filter and by the nonlinearity of the MZ transfer function [38]–[40]. In the present case, the
nonlinearity of the Van der Pol oscillator will play an essential role as well.

3. The Nonlinear Feedback Loop
As indicated above, the two nonlinear interactions in the feedback loop occur in the MZM and in
the Van der Pol circuit.

The nonlinear transfer function of the MZ modulator can be explicitly expressed as
Pout ¼ P cos2½�uðtÞ=2V� þ �VB=2V��, where P is the power of the laser, VB is a bias voltage,
and V� is the half-wave voltage of the electrode where the signal uðtÞ is coupled.

On the other hand, the Van der Pol circuit inserted in the electric branch of the feedback loop
is a self-sustained oscillator consisting of a LC oscillator (of eigenfrequency !0 ¼ 1=

ffiffiffiffiffiffiffi

LC
p

) with
nonlinear negative damping. This nonlinear damping is experimentally implemented using di-
odes with current-voltage characteristic i ¼ I0 ½expðu=uthÞ � 1�, where I0 is the almost constant
current in reverse direction and uth is the threshold voltage of the diode. The diode can be used
as a switch, and between the negative and positive voltages, we have a transition area for the
diode resistance, which can be exploited to obtain the nonlinear (cubic) transfer function for the
voltage. In order to obtain a symmetrical transfer function, we use four parallel tumble diodes
with a variable resistor, so that the dimensionless voltage xðtÞ of the Van der Pol circuit obeys
the well-known equation €x þ !2

0x � "ð1� x2Þ _x ¼ 0, where " is the nonlinear gain of the oscillator.
Our Van der Por circuit can be tuned to output stable limit-cycles with frequencies ranging from
2 to 8 kHz. It should be noted that for being an autonomous two-dimensional dynamical system,
the Van der Pol circuit cannot display chaos (Poincaré-Bendixon theorem). From the experimen-
tal standpoint, the strong feedback and non-ideality of the components of the circuit might lead
to poor stability margins. Consequently, the system may be unstable when connected to strongly
capacitive loads. In this case, a lag compensation network (for example, connecting the load to
the voltage follower through a resistor) can be used to restore stability. A voltage follower is con-
nected in the output of the nonlinear resistance and another one is connected in the output of in-
ductor which is the principal output of Van der Pol oscillator. For impedance matching purposes,
we using a buffer amplifier associated to an offset controlled. These elements are useful to de-
fine the offset of the MZ and to eliminate the loading effects.

The model of the system depends on two variables u1 and u2 which are the voltages at the
output of the Van der Pol circuit and of the bandpass filter. The main parameters of the system
are the gain of the loop, the offset phase of the MZM, and the time constants � and � standing
for the cut-off times of the cascaded low- and high-pass filters, respectively. It should be noted
that even though linear, our band-pass filter cannot be rigorously considered as a cascade of
first order low-pass and high-pass filters modeled by an typical integro-differential operator as in
refs. [25], [26]. Instead, realistic modeling would require to consider a linear filter operator F̂ fea-
turing higher order integro-differential terms.

4. Breather and Pulse-Package Dynamics
The principal tunable parameter of the electro-optic oscillator is the laser power P, which is con-
trolled by the pump current I. The operating point � ¼ �VB=2V� of the MZM has been set to �=4
throughout the paper.
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In order to explore experimentally the complex dynamics of the oscillator, we first consider
the case where the time delay is set to zero (the delay line is removed). When the laser current
is increased beyond threshold, we first observe an hybrid regime where the oscillations are
(multi-)periodic, as displayed in Fig. 2(a)–(d). For example, it can be seen in Fig. 2(a) that just
above threshold, the output voltage of the oscillator is a single-frequency limit-cycle with fre-
quency f ¼ 0:91 kHz, which is of the same order of magnitude as the oscillation frequency for
the uncoupled Van der Pol circuit. As the pump current I (and correspondingly, the laser
power P) is increased, quasi-square-wave oscillations emerge at the sharp rising edge of the
relaxation oscillations [see Fig. 2(b)], but they are rapidly damped shortly after their birth. At
this stage, these emerging breathers are still periodic: the frequency of the slow oscillations is
0.83 kHz while the frequency of the fast (damped) oscillations is 258 kHz. As the laser power is
increased, we observe a fast-scale dynamics is superimposed onto a slow-scale limit cycle, as
displayed in Fig. 2(c) and (d). For these periodic breathers, the frequencies of the fast oscilla-
tions are equal to 72 kHz and 430 kHz respectively, while the slow oscillation frequency re-
mains almost the same, on the order of 1 kHz.

Still, with null delay, we find that further increase of the pump current drives the system in a
regime of complex oscillations involving chaotic breathers and pulse-package oscillations. In
Fig. 3(a), we observed the first chaotic breathers, characterized by a chaotic fast-scale oscilla-
tion superimposed onto a periodic slow-scale oscillation. Then, higher pump power leads to a
dynamical state corresponding to chaotic pulse-package oscillations [see Fig. 3(b)]. Further in-
crease of the pump power leads to a reverse bifurcation where the system becomes bi-periodic,
and then periodic in time [see Fig. 3(c) and (d)]. Better understanding of the timetraces dis-
played in Fig. 3 can be achieved using the phase portrait plots of Fig. 4. For example, Fig. 4(a)
shows the inherent slow-fast structure of the chaotic attractor, which has strongly repelling ei-
gendirection around which the trajectory is twisted. On the other hand, the chaotic attractor of
the pulse-packages displayed in Fig. 4(b) features an asymmetric double-scroll structure. This
dynamical pattern is singular in several aspects and has never been reported experimentally to
the best of our knowledge. Fig. 4(c) and (d) evidences the periodic nature of the temporal out-
put signal from Fig. 3(c) and (d).

When the time-delay is accounted for (insertion of the optical fiber of length 100 m), the
system becomes infinite-dimensional, and it has the potential to feature other complex behav-
iors. In Fig. 5(a) and (b), it can be seen that when the laser is pumped just above threshold,
we obtain relaxation oscillations and breathers comparable to those obtained with null delay
[see Fig. 2(a) and (b)]. However, when we increase the pump power, the system outputs

Fig. 2. Birth and evolution of breathers in the time domain as the laser pump current is increased
beyond threshold ðT ¼ 0Þ. (a) I ’ Ith ¼ 27:3 mA. (b) I ¼ 1:23 Ith. (c) I ¼ 1:49 Ith. (d) I ¼ 1:72 Ith.
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pulse-package oscillations that are chaotic [see Fig. 5(c)], while those obtained when T ¼ 0
are periodic. Further increase of the laser power leads to fully developed hyperchaos, as dis-
played in Fig. 2(d). In this latter case, the underlying structure of the pulse-packages is to-
tally lost.

The enlargements displayed in Fig. 6(a) and (b) display the inner structure of the pulse-
package oscillations of Figs. 2(b) and 3(c), which evidence the second and third (fastest) time-
scales. The first timescale (not displayed) is the slowest oscillation and has a typical frequency
of the order of 1 kHz, which corresponds to the range the frequency of the Van der Pol self-
sustained oscillations. The second timescale rules the frequency if the pulse-packages and is
typically of the order of 20 kHz. The third and fastest timescale has a typical frequency of the
order of 800 kHz. The main difference between the cases with and without delay is the nature of
the fastest oscillation, which is periodic in the first case but chaotic in the second. A multi-loop

Fig. 4. Evolution and death of the breathers and pulse-package oscillations in the phase space as
the laser pump current is increased far above threshold ðT ¼ 0Þ. These figures correspond to the
time traces displayed in Fig. 3. (a) I ¼ 1:81 Ith. (b) I ¼ 2:27 Ith. (c) I ¼ 2:77 Ith. (d) I ¼ 2:93 Ith.

Fig. 3. Evolution and death of the breathers and pulse-package oscillations in the time domain as
the laser pump current is increased far above threshold ðT ¼ 0Þ. (a) I ¼ 1:81 Ith. (b) I ¼ 2:27 Ith.
(c) I ¼ 2:77 Ith. (d) I ¼ 2:93 Ith.
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architecture (see, for example, [41]–[44]) would provide extra-degrees of freedom and therefore,
a wider variety of dynamical behaviors whenever a nonlinear element is inserted into the feed-
back loop.

5. Conclusion
In this paper, we have analyzed experimentally the complex dynamical behavior of a multi-
nonlinear electro-optical system with feedback. We have evidenced breather and pulse-package
oscillations in the system, in both the periodic and chaotic regimes. These states are character-
ized by a slow-fast temporal dynamics originating from two or three split timescales.

This study has shown that coupling a nonlinear self-sustained circuit to a photonic oscillator
provides a wide range of new dynamical behaviors which open the door for new applications.
For example, neuromorphic computing using electro-optical systems with feedback could benefit
from the pulse-package capability which is reminiscent of the firing behavior of neurons. Self-
sustained oscillator could also provide a tool to achieve (sub-)harmonic phase-locking for a cer-
tain class of microwave photonics oscillators. Further research will be devoted to the exploration
of these potential applications, in particular when several such oscillators are coupled for syn-
chronization purposes [45]–[47].

Fig. 5. Breathers, pulse-package oscillations, and fully developed hyperchaos as the laser pump
current is increased far above threshold in the presence of delay ðT ¼ 0:5 �sÞ. (a) I ¼ 1:28 Ith.
(b) I ¼ 1:64 Ith. (c) I ¼ 2:46 Ith. (d) I ¼ 3:34 Ith.

Fig. 6. Evidence of the three-timescale behavior of the system in the pulse-package regime. (Left)
Enlargement of pulse packages for the system without delay and with I ¼ 2:27 Ith [see Fig. 3(b)].
The fastest oscillations are periodic. (Right) Enlargement of pulse packages with delay and with
I ¼ 2:46 Ith [see Fig. 5(c)]. The fastest oscillations are chaotic.
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