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The Simplest Laser-Based Optoelectronic Oscillator:
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Abstract—We present a theoretical and experimental study of
the most simple autonomous optoelectronic oscillator (OEO) with
a delayed feedback loop. Contrarily to the overwhelming majority
of OEOs, our OEO does not use an external intensity- or phase-
modulator to translate the electrical radio-frequency signal into
the optical domain. Instead, we show that the electric signal can
simply be used as a driving pump current of the laser that is seed-
ing the oscillator. With this architecture, the intensity modulation is
performed through the piecewise-linear (that is, nonlinear) power-
intensity transfer function of the laser-diode, instead of the sinu-
soidal transfer function of the usual Mach–Zehnder modulators.
We provide a model to investigate the dynamics of this simple archi-
tecture of OEO. This model is an integro-differential delay equation
which is characterized by three timescales as in the conventional
OEO, namely the low/high-cutoff frequencies of the wideband fil-
ter and the time delay. The stability analysis of our OEO reveals a
complex bifurcation behavior which critically depends on the gain
of the feedback loop. In particular, we show that a sequence of Hopf
bifurcations may lead to fast-scale oscillations with a period which
is the double of the time-delay, or to slow-scale oscillations with
a period which depends on the three aforementioned timescales.
Our theoretical results are shown to be in excellent agreement with
numerical simulations and the experimental measurements.

Index Terms—Nonlinear oscillators, optoelectronic devices.

I. INTRODUCTION

O PTOELECTRONIC OSCILLATORS (OEOs) are au-
tonomous nonlinear systems whose feedback loop is con-

stituted with an optical and an electrical branch. In the optical
part, OEOs are seeded with a continuous-wave (cw) semicon-
ductor laser (typically in the near-infrared range). The output
laser beam is generally modulated using a nonlinear electro-
optic modulator and subsequently launched into an optical fiber
line which is long enough to induce a significant time delay.
The optical beam is then converted into an electrical signal us-
ing a fast photodiode (PD). This radio-frequency (RF) signal
is eventually bandpass or lowpass filtered, amplified, and then
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used as a driving signal of the modulator, thereby closing the
feedback loop. Following this mechanism, OEOs can output RF
signal with a frequency range from 1 kHz to 100 GHz, and they
display a very wide range of complex dynamical behaviors.

These oscillators were initially investigated by Neyer and
Voges [1], and they were rapidly identified as ideal experimental
benchmarks to investigate some of the dynamical features of the
paradigmatic Ikeda equation [2]. Many applications are related
to OEOs, such as optical chaos cryptography and neuromorphic
computing, for example (see review article [3] and references
therein). However, the most well-known application is ultra-pure
microwave generation for aerospace engineering applications,
and this area of research was pioneered by Yao and Maleki in
1994, who are also those who coined the term OEO [4]–[6].

In most architectures of OEOs, the nonlinear conversion be-
tween the electrical and the optical signal is performed by a
phase or an intensity modulator with sinusoidal transfer func-
tion. Models to investigate the dynamical properties of such
architectures have been proposed for both the narrow-band [7]–
[9] and wideband [10], [11] configurations of OEOs. However,
it has been demonstrated that other electro-optic or optoelec-
tronic devices can be used to perform this nonlinear conversion
(see for instance [12]). The simplest example is to consider the
seeding laser-diode (LD) itself as an electrical-to-optical con-
verter through its power-intensity—or “PI”—transfer function.
It is noteworthy that in the adiabatic limit (modulation frequency
much slower than the relaxation frequency of the laser), the PI
transfer function of a semiconductor laser is a “piece-wise lin-
ear” function equal to zero below a given threshold current Ith ,
and linearly increasing above. We therefore consider that this
architecture corresponds to the simplest OEO possible, and it
is relevant to perform a detailed theoretical and experimental
study in order to understand its dynamical properties. More-
over, since this OEO does not require an electro-optic modula-
tor (which is definitely one of the most expansive element of
conventional OEOs), it appears to be a cost-effective alternative
for frequency-versatile microwave generation.

The aim of this paper is to analyze this new OEO architecture
where the LD nonlinearity is used to perform the conversion
from the electrical to the optical domain. We show that the
system displays a complex dynamics which depends on slow-
and fast-scale limit-cycles that can arise in the system depend-
ing on the gain of the delayed feedback. We also successfully
compare our analytical findings with numerical simulations and
experimental measurements.

The outline of the paper is the following. The experimen-
tal system and the model governing the dynamics of the OEO
are presented in Section II. We determine the fixed points and
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Fig. 1. Experimental set-up of the OEO. LD: Laser Diode; PD: Photo-Diode;
G: Voltage Variable Attenuator (VVA); BPF: Band-Pass Filter.

analyze the bifurcation behavior of the oscillator in Section III.
Numerical simulations are performed in Section IV, and com-
pared with the experimental data. The last section concludes the
article.

II. SYSTEM AND MODEL

Our OEO is displayed in Fig. 1 and it is constituted with sev-
eral elements. The central element is the cw distributed feed-
back LD source with telecom wavelength λL = 1550 nm. It has
a threshold current Ith = 16 mA, and it is driven by a pump cur-
rent Ipol + IR F (t), where Ipol is the polarization current, while
IR F (t) is the time-varying RF current. The output of this LD has
an output power P (t) which can be varied from 0 to 10 mW.
The optical fiber cable has a length L = 40 m, yielding a delay
time T = nL/c = 0.2 μs where n = 1.5 is the refraction index
of the fiber, and c is the velocity of light in vacuum. The optical
signal is transformed into a photocurrent by an InGaAs PD with
responsivity S = 4.75 V/mW at 1550 nm and detection band-
width of 100 MHz. It is important to note that the wavelength
variation with the laser pump current is dλL/dI = 0.5 pm/mA
at 1550 nm, so that the typical wavelength variation is of the
order of 10 pm or less. This value is small enough for us to
consider that the PD responsivity S is a constant. This PD con-
verts the input power P (t) into an electric voltage V (t), which
is applied to a voltage variable attenuator (VVA) with gain G
(smaller than 1) and broadband bandwidth of 0.01–2.5 GHz.
This voltage is converted back into a current IR F (t), which is
added to a polarization current Ipol using a Bias-Tee (0.1 MHz–
2.2 GHz) before being used to pump the LD. The temperature
of the laser was set to a constant value, but since we are only
concerned with the deterministic dynamics of the system, the
full oscillator was thermalized to the room temperature without
any specific control.

The central element of our OEO is the LD, which seeds the
optical branch of the oscillator and also performs the conver-
sion from the electric to the optical domain. The dimensionless
nonlinear transfer function of this LD is

D(x) = xH(x) =
{

0, for x ≤ 0
x, for x > 0 (1)

where H(x) is the usual Heaviside step-function equal to 0 for
x ≤ 0 and to 1 otherwise. The diode nonlinearity function D(x)
is therefore null for negative x, and increases linearly when x

is positive. In lasers, this diode function is usually of the form
μD(I − Ith), which is equal to 0 for I < Ith , and equal to
μ(I − Ith) for I ≥ Ith . The parameter μ = ηd hν is the laser
conversion slope, with ηd being the quantum efficiency, h the
Planck constant, and ν = c/λL the laser carrier frequency. We
have experimentally determined that μ = 0.21 mW/mA for our
laser. The PI transfer function of our LD is therefore P (t) =
μD[IR F (t) − I0 ], that is

P (t) =

{
0, for IR F (t) ≤ I0

μ[IR F (t) − I0 ], for IR F (t) > I0
(2)

where I0 = Ith − Ipol . We expect the dynamics of our oscillator
to be in the MHz range, that is, spectrally far below the relaxation
oscillation of our LD which is in the GHz range. Therefore, even
though the pump current and laser power are time dependent, it is
legitimate to consider that the output power P (t) adiabatically
follows the pump current I(t) via the nonlinear function D.
Otherwise, if the system is allowed to oscillate at frequencies
close to the GHz relaxation oscillation of the laser, the internal
dynamics of the intra-cavity photon and carrier densities cannot
be disregarded anymore and the system is known to display a
large set of very complex nonlinear behaviors [13]–[18].

The dynamical properties of the system are ruled by the over-
all band-pass filtering induced by the superimposed bandwidths
of the RF-amplifier, the PD and the coupler. We can take ad-
vantage of the fact that the low and high cut-off frequencies fL

and fH are very distant one from each other, and consider that
this band-pass filter is constituted of two cascaded high-pass
and low-pass first order linear filters. The input voltage Vin(t)
and output voltage Vout(t) of the cascaded band-pass filter are
linked by the equation:[

1 +
fL

fH

]
Vout(t) +

1
2πfH

dVout(t)
dt

+ 2πfL

∫ t

t0

Vout(s) ds = Vin(t). (3)

The optical power P at the output of the optical fiber is
converted into the electrical signal through the PD, accord-
ing to the relation Vin(t) = SP (t − T ), where T is the time
delay originating from the propagation of the light beam in
the fiber, and S is the responsivity of the PD. The input
voltage of the electrical part circuit can therefore be written
as Vin(t) = SμD[IR F (t − T ) − I0 ]. The relationship between
VR F (t) and the output voltage is VR F (t) = κGVout(t), where
κ is a dimensionless factor standing for all the linear losses
(electrical and optical) in the feedback loop. This voltage is con-
verted into the current IR F (t) = VR F (t)/RZ , where RZ = 50 Ω
is characteristic impedance used for the voltage-to-intensity con-
version. It can therefore be shown that the RF voltage VR F (t)
obeys the following equation:

[
1 +

fL

fH

]
VR F (t) +

1
2πfH

dVR F (t)
dt

+ 2πfL

∫ t

t0

VR F (s) ds

=
κSμG

RZ
D[VR F (t − T ) − V0 ] (4)
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where V0 is the equivalent intensity-to-voltage conversion of
I0 through V0 = RZ I0 . If we take fL � fH into account, this
equation can be rewritten under this simplified and dimension-
less form

x(t) + τ
dx(t)

dt
+

1
θ

∫ t

t0

x(s) ds = β D[x(t − T ) − α] (5)

where the variable of the system is x(t) = VR F (t)/VR E F , with
with VR E F ≡ 1 V being the reference voltage value (it is
convenient in our case because it yields |x(t)| = |VR F (t)|).
The parameters of Eq. (5) are the bandpass filter timescales
τ = 1/2πfH and θ = 1/2πfL , the offset dimensionless volt-
age α = V0/VR E F , and the feedback loop gain β = κSμG/RZ .
Equation (4) is a nonlinear integro-differential delay equation,
which can be conveniently rewritten under the form

ẏ = x (6)

τ ẋ = −x − 1
θ
y + β D[xT − α] (7)

where the overdot denotes the derivative with respect to time,
xT ≡ x(t − T ), and y =

∫ t

t0
x(s) ds.

It should be noted that in our system, the bandpass filtering
originates from cascaded elements of the loop. For numerical
simulations, we will use the following parameter values which
have been obtained from our experimental setup: τ = 25 ns
(fH = 6.4 MHz), θ = 0.3μs (fL = 531.5 kHz), and T = 0.2μs
(corresponding to 40 m of optical fiber).

III. STABILITY OF THE SYSTEM

The linear stability analysis is based on analyzing the time-
dependent trajectory of the system when slightly perturbed from
the steady state (xst ; yst). The flow of Eqs. (6) and (7) has a
single stationary point which obeys:

(xst ; yst) = (0; θβ D[−α])

=
{

(0;−θβα), for α < 0
(0; 0), for α ≥ 0.

(8)

It is interesting to note that in all cases, the dimensionless voltage
xst is always null for the equilibria of the OEO, and this is due
to the presence of the integral term in Eq. (5).

The solutions x(t) and y(t) can be represented as a sum of
the steady state and a small perturbation following:

x(t) = xst + δx(t) (9)

y(t) = yst + δy(t) (10)

and inserting the preceding equations into Eqs. (6) and (7) leads
to

δẏ = δx (11)

τδẋ = −δx − 1
θ
δy + β H[−α] δxT (12)

where we have assumed that the derivative of the nonlinear
transfer function D is

D′(x) = H(x) + xH′(x) = H(x) + x δ(x)

≡ H(x). (13)

From Eqs. (11) and (12), the stability of the system can be
investigated after setting δx, δy ∝ eλt , through the eigenvalue
equation:

τλ2 + λ{1 − βe−λT H[−α]} +
1
θ

= 0 (14)

and it appears that the stability of the system critically depends
on the value of the dimensionless offset voltage α, and more
specifically, on its sign.

A. Case α ≥ 0 (or Ipol ≤ Ith )

In this case, the fixed point is the trivial equilibrium (0; 0),
as shown in Eq. (8). Since H[−α] ≡ 0, the eigenvalue Eq. (14)
becomes independent of the feedback gain parameter β and
yields

τλ2 + λ +
1
θ

= 0 (15)

with solutions

λ± =
1
2τ

[
−1 ±

√
1 − 4

τ

θ

]
. (16)

The above eigenvalues always have a strictly negative real part,
regardless of the values of τ and θ. Therefore, in the case α ≥ 0,
the fixed point (0; 0) is unconditionally stable, regardless of the
value of the delay time T and feedback gain β. This result is
interesting because this case α ≥ 0 corresponds to Ipol ≤ Ith : it
therefore appears that if the polarization current is smaller than
the threshold current (and in particular, if Ipol = 0), the system
will remain in the trivial fixed point regardless of the gain and
the time-delay. It also means that the polarization current is an
absolutely necessary element in the system if one expects to
obtain a non-trivial dynamical behavior.

B. Case α < 0 (or Ipol > Ith )

In this case, the fixed point is (0;−θβα) according to Eq. (8).
Hence, we have H[−α] = 1, and the eigenvalue Eq. (14) can be
rewritten as

τλ2 + λ{1 − βe−λT } +
1
θ

= 0. (17)

This nonlinear algebraic equation is transcendental and cannot
be solved exactly. However, we know that Hopf bifurcations oc-
cur in the system when λ = iω, where ω is the angular frequency
of the limit-cycles close to the bifurcation points. According to
Eq. (17), the Hopf frequency ω necessarily obeys

τω2 + ωβ sin(ωT ) − 1
θ

= 0 (18)

β cos(ωT ) − 1 = 0 (19)

which can be transformed into

ω tan(ωT ) = −τω2 +
1
θ

(20)

β2 = 1 +
[

1
θω

− τω

]2

(21)
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where Eq. (20) originates from the ratio between Eqs. (18)
and (19), while Eq. (21) is obtained by the combination of the
square of the same equations. Even though Eqs. (20) and (21)
still cannot be solved exactly, pertinent simplifying assumptions
can be made and enable us to find accurate analytical approxi-
mations for the first and second Hopf bifurcations.

The first bifurcation with the frequency ω1 is obtained
from the resolution of Eqs. (20) and (21) when we assume
tan(ω1T ) � 0. The trivial solution ω1T � 2π is obtained and
then introduced into Eq. (21) in order to obtain β1 . The critical
frequency and gain values at the Hopf bifurcation are therefore:

ω1 � 2π

T
(22)

β1 �
[
1 +

(
T

2πθ
− 2πτ

T

)2
] 1

2

. (23)

Hence, from the above analysis, we anticipate that a first Hopf
bifurcation will emerge close to β1 � 1.2, and lead to the
emergence of a limit-cycle of frequency ω1 � 2π × 5 MHz,
which correspond to T -periodic oscillations. Naturally, we
expect that since the bifurcation point β1 is defined as the
threshold gain value to trigger the oscillations, the fixed point
(xst ; yst) = (0;−θβα) will be stable stable for β < β1 and un-
stable beyond.

The second bifurcation point is obtained after considering
the approximation tan(ω2T ) � ω2T . From solving Eqs. (20)
and (21), we find that the critical frequency and gain corre-
sponding to that second Hopf bifurcation are

ω2 � 1√
θ(T + τ)

(24)

β2 �
[
1 +

(T + τ)
θ

] 1
2

. (25)

Therefore, when β is increased and reaches the value β2 � 1.32,
the limit-cycle of frequency ω2 � 2π × 612 kHz emerges and
becomes another stable attractor.

It therefore appears that the condition Ipol > Ith is necessary
for the emergence of an oscillatory behavior, and that depending
on the gain, at least two different kinds of oscillations can be
obtained. These analytical findings will be experimentally and
numerically confirmed in the next section.

It is however interesting to note that in the case of very small
delay (T � τ, θ), the exponential term in Eq. (17) can be set to
1 and in that case, the Hopf bifurcation condition λ = iω yields
the equations

ω0 � 1√
θτ

(26)

β0 � 1. (27)

Therefore, the oscillations are triggered for β > 1 and the fre-
quency of the limit cycle is ω0 = 2π × 1.84 MHz, which falls
within the oscillator’s bandwidth.

Fig. 2. Numerical bifurcation diagram, where the extrema of the variable x
are plot as the gain β is increased. There are no oscillations in area (A), fast-scale
oscillations in area (B), and slow-scale oscillations in area (C).

IV. NUMERICAL AND EXPERIMENTAL RESULTS

A. Bifurcation Diagram

The full bifurcation behavior of the system is displayed in
the bifurcation diagram of Fig. 2. The bifurcation diagram is
obtained by plotting the maxima of the variable x(t) as a func-
tion of the control parameter β. It synthetically represents the
various dynamical states that can be obtained as the feedback
gain of the system is varied. We have divided this numerical
bifurcation diagram in three parts. The first part (A) is the re-
gion where β < 1.18, and where there are no oscillations in
the system. The signal is null, the trivial fixed point is expo-
nentially stable, and there is no other attractor in the system.
The second area (B) is the region for which 1.18 < β < 1.34,
where the fast-scale limit-cycle oscillations of frequency ω1 are
sustained. The last area (C) is the region where β > 1.34, and
where the slow-timescale limit-cycles of frequency ω2 can be
excited. The determination of the sub- or super-critical nature
of these bifurcations remains an open point, and the bifurcation
analysis would face the same difficulties that are encountered
while investigating systems with nonlinear transfer functions
that are piecewise linear (like in the Chua circuit for example).

B. Comparison Between Numerical and Experimental Results

The setup described in Fig. 1 has been used to record and
analyze the oscillating waveforms. From the experimental view-
point, the gain is varied through the control voltage Vcr of the
VVA, while it is varied through β (which is proportional to G)
for numerical simulations. The polarization voltage is taken as
Vth − Vpol = 0.5 V in order to allow the laser to reach the re-
gion of linear increase (note that experimentally, the polarization
voltages for the laser are negative in our setup). In Fig. 3, we have
displayed the experimental timetraces along with the numerical
ones obtained from the simulation of Eqs. (7) and (6). Fig. 3(a)
and (d) illustrate the fast T -periodic oscillations, which are ob-
served if β ≥ β1 . This condition experimentally corresponds to
Vcr ≥ 26.6 V. It is also interesting to note that these oscillations
are asymmetric. Fig. 3(b) and (e) correspond to the situation
observed when β is further increased and has passed the second
bifurcation point β2 . This Hopf bifurcation leads to slow-scale
oscillations of frequency ω2 . Subsequent increase of the gain
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Fig. 3. Experimental (left column) and numerical (right column) timetraces
of the OEO. For the experimental results we have set the polarization voltage at
Vpol = −2.5 V and the control voltage was set to (a) Vcr = 26.6 V; (b) Vcr =
20.1 V; (c) Vcr = 22.0 V. For the numerical simulations of Eqs. (7) and (6) we
have set α = −0.5 and the feedback gain was set to (d) β = 1.29; (e) β = 1.37;
(f) β = 1.6.

leads to the same kind of oscillations [see Figs. 3(c) and (f)], but
with higher amplitude. It also appears that in the area (C), fast-
scale T -periodic oscillations appear on top of this slow-scale
limit-cycles, and give them a crenellated structure.

C. Discussion

It is interesting to compare the multi-scale dynamics investi-
gated in this work with results that have been obtained previously
in the context of OEOs with external Mach–Zehnder modulator.
Indeed, the diode-nonlinear OEO has a sequence of bifurcations
that shares many similarities and dissimilarities with the case of
the classical (sine-nonlinear) OEO [19]–[21].

As far as similarities are concerned, we note that as for the
conventional wideband OEOs, slow-time-scale oscillations can
arise in the system when the gain is increased beyond a crit-
ical gain value which is always higher than 1 [11], [22]. The
frequency in this slow-scale oscillation also depends in a non-
trivial fashion on the three typical time constants of the system,
namely τ , θ, and T . The critical values corresponding to these
Hopf bifurcations depend on these three time constants as well.

On the other hand, the main dissimilarity is that the fixed-
point structure is obviously different, and exclusively depends
on how the LD is polarized. The fact the nonlinearity differs from
the sine-function of conventional OEOs also leads to different
values for the Hopf frequencies and critical gain points. It can

also be noted that the timetraces are qualitatively very different:
they display here a quasi-sinusoidal structure on top of which we
can observe fast-scale oscillations, and this kind of multi-scale
oscillations have never been observed so far in OEOs.

V. CONCLUSION

In this paper, we have investigated the simplest architecture
of OEO, which is characterized by a piece-wise linear LD non-
linearity and a delayed feedback loop. We have built the ex-
perimental system and established the time-domain equations
describing its dynamics. We showed that the bifurcation dia-
gram exhibits a cascade of bifurcations, characterized by fast
T -periodic oscillations after the first bifurcation, followed by a
slow-scale limit-cycle which appears when the feedback gain
increased. The theoretical study of the dynamics of our system
critically depends on how the LD is polarized. We have com-
pared the numerical simulations of our model with experimental
measurements and we have found an excellent agreement be-
tween both sets of data.

This diode-nonlinear OEO represents a significant simplifi-
cation with regards to the conventional sine-nonlinear OEO,
and it has the potential to be an excellent benchmark for both
fundamental and applied research in the topic of OEOs. For
example, the dynamical properties of systems with piece-wise
nonlinearity is a very active area for experimental and theoreti-
cal of research. The paradigmatic system in this area is the well
known Chua circuit which is the focus of much interest for a
wide spectrum of scientists, ranging from applied mathemati-
cians to circuit design engineers. Hence, we believe that our
OEO could contribute to a better understanding of this family of
dynamical systems in particular, and of delayed autonomous os-
cillators in general [3], [23]–[25]. Future research will consider
the exploration of the exact nature of the bifurcations presented
in this work (sub-or super-critical), since the bifurcation diagram
has clearly indicated that the emergence of the various bifurca-
tions is non-trivial. We will also investigate in a future work the
regime of high gain where hyperchaos is likely to arise. The
main application of OEOs is ultra-stable microwave generation
in the GHz-range, and it will also be interesting to investigate
the stability (phase-noise performance and Allan deviation) of
this diode-nonlinear OEO in these frequency ranges [26], [27].
As emphasized earlier, it should be noted that for a GHz os-
cillation, the internal dynamics of the laser might have to be
considered because the microwave could excite the laser re-
laxation oscillations which are ruled by the intracavity internal
photon and carrier dynamics [13]–[18], an therefore, the phase
noise analysis is in that case an arduous task. Finally, we expect
this oscillator to be an interesting alternative for many other
potential applications, including from neuromorphic comput-
ing [28], oscillator synchronization [29], [30], or optical pulse
generation [31].
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