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Abstract— Optoelectronic oscillators based on whispering-
gallery mode resonators (WGMRs) are efficient oscillators for
ultra-stable microwave generation, in which the energy can be
stored in an ultra-high Q-factor resonator instead of the usual
long delay line. In this paper, we derive a stochastic model
for the calculation of the phase noise performance in these
systems considering three different configurations, namely, the
case where the energy is stored in high- Q disk-shaped WGMR,
the case where energy is stored in an optical delay-line only,
and the case for which the energy is stored simultaneously by
the resonator and the delay line. Our investigations explain how
the WGMR can be optimally used for spurious peak rejection
in optoelectronic oscillators. Our experimental measurements are
found to be in excellent agreement with analytical and simulation
results.

Index Terms— Optoelectronic oscillators, microwave genera-
tion, phase noise, whispering-gallery mode resonators.

I. INTRODUCTION

ULTRA-PURE sinusoidal oscillations with frequency
between 0.3 and 300 GHz are highly desired for several

technological applications such as in radar, time-frequency
metrology, lightwave technology, frequency synthesis, detec-
tion, and navigation systems. Typically, such signals can be
generated by the so-called optoelectronic oscillators [1] (also
referred to as OEOs), which have been initially proposed
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by Yao and Maleki [2]–[4]. In order to achieve ultra-high
purity, OEOs generally use long fiber-delay lines (about 4 km
of fiber length) inserted into the feedback loop in order to
store the energy in the optical domain. However, this large
optical delay introduces strong spurious ring-cavity peaks. The
spectral purity of OEOs can be improved using techniques
such as dual-loop configurations [5]–[9], or injection locking
[10], [11] in order to suppress the spurious ring-cavity peaks.
All these configurations are suitable for ultra-pure microwave
generation, but however, the long fiber-based OEOs are typi-
cally bulky due to the weight and temperature-stabilized box
containing the delay line. As a consequence, these systems are
not easily transportable and cannot be easily miniaturized.

An alternative way to get around the above-mentioned draw-
backs has consisted in replacing, in the OEO loop, the fiber
delay-line by a whispering-gallery mode resonator (WGMR)
with ultra-high Q-factor [12]–[14]. The insertion of a WGMR
in the OEO loop also can provide an elegant solution for
the realization of wideband tunable OEOs [15]. Whispering
gallery mode resonators are low-loss dielectric disks which
perform optical energy storage through trapping photons in
the long-lifetime WGMR cavity. In this way, microwave
oscillation is obtained by extracting the intermodal frequency
of an optically pumped WGMR. From a technological point of
view, the total photon lifetime in WGMRs can be as large as
several tens of microseconds, and lead to a Q-factor as high as
1011 [16]. A theoretical model (supported by experiments) to
describe WGMR-based OEOs has been recently proposed to
investigate its deterministic dynamics [14]. Unlike usual OEOs
without resonator [17]–[20], it is demonstrated that in the
absence of the delay-line, the output of the microwave is
unconditionally stable in the technologically achievable range
of the loop gain. Despite these interesting features, it should
be noticed that the most challenging task in OEOs lies on their
phase noise performance which is indeed directly connected to
their purity. A careful study of phase noise in WGMR-based
OEOs is therefore an important step towards the optimization
of this microwave generation system [21].

In this article, we derive a stochastic model for the study of
phase noise performance in optoelectronic oscillators based on
WGMRs, and perform experimental measurements to verify its
validity. Contrary to ref. [15] where, for a structurally similar
system, a WGMR is used only to select the optical mode
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Fig. 1. Experimental setup as used in [14]. SL: continuous-wave semicon-
ductor laser, MZM: Mach-Zehnder modulator, PD: photodiode. The optical
path is in red, while the electric path is in black.

(resonator in add coupling only), we use a WGMR in add-
drop coupling in order to select the optical mode meanwhile
reducing/suppressing the spurious modes introduced by the
delay-line. We also use a different theoretical approach to
provide comprehensive investigation on the phase noise per-
formance of such OEOs. More concretely, we consider both
stochastic models for OEOs with and without delay line (DL)
in the microwave loop. We also perform experiments that are
compared with the theoretical results. The article is structured
as follows. In Sec. II, we describe the system under study. The
focus of Sec. III is the WGMR-based OEO model without
delay-line, and its phase noise performance is analytically
and numerically investigated. In Sec. IV, we study the model
where a long delay line is combined with a WGMR in the
feedback loop. In Sec. V, we compare the results of WGMR-
based OEOs and usual DL-based OEOs without resonator,
while Sec. VI is devoted to experimental measurements. Final
remarks are given in Sec. VII.

II. THE SYSTEM

The architecture of the WGMR-based OEO under study is
shown in Fig.1. It is an experimental setup recently introduced
in refs. [14], [21] and it has the following single-loop structure.
A laser beam with constant power P0 is generated by a
continuous-wave semiconductor laser. It is then injected into
a Mach-Zehnder modulator (MZM) that is polarized and
modulated by the electrical voltages VB and V (t), which are
its bias and radio-frequency (RF) input voltages, respectively.
These electrical signals modulate the optical light beam so that
the envelope of the electric field at the MZM output reads

EMZM(t) = √
P0 cos

[
πV (t)

2VπRF
+ πVB

2Vπ

]
, (1)

where VπRF and Vπ are the RF and DC half-wave voltages.
This MZM output signal which has a broadband optical
spectrum is coupled into a crystalline magnesium fluoride
(MgF2) WGMR through a tapered optical fiber. In this way,
the intracavity field inside the resonator is excited by the field
EMZM(t). Subsequently, the resonator output field is detected
and fed to an RF filter with a central frequency �0 and
−3 dB bandwidth ��. The purpose of this bandpass filter
is to reject the RF signal outside the frequency band of
interest, and not to perform narrow-band filtering like in the

conventional DL-based OEOs. Finally the signal at the output
of the RF filter is amplified and applied to the RF electrode of
the MZM in order to close the loop. Since the RF filter has a
large bandwidth, the filtering process is achieved in the optical
domain by the resonator only. Assuming that the WGMR
output field is G(t), the RF filter output can be written as

V (t) = ηG0 P0 S |G(t)|2, (2)

where G0 stands for the amplifier gain, η accounts for
losses except in the WGMR, and S is the photodetection
efficiency. By introducing a dimensionless voltage x(t) =
πV (t)/(2Vπ RF ), the RF output voltage can be explicitly
written as

x(t) = β |G(t)|2, (3)

where β = πηG0 P0 S/2VπRF is the optoelectronic gain when
the effect of the WGMR is not accounted for. Note that an
optical fiber can be inserted before or after the resonator in
order to implement a delay in the microwave loop. We there-
fore consider the three following cases: (i) the case where
the optical stability element is a resonator only (WGMR);
(ii) the case where the optical stability element is an optical
delay line only (DL); (iii) the case where the optical stability
element is a combination of a WGMR and a DL serially
connected (WGMR-DL). These three cases are referred to in
the figures as WGMR, DL and WGMR-DL, respectively.

III. WGMR-BASED OEOs WITHOUT DELAY

A. Microwave Envelope

The WGMR is characterized by an intrinsic, an excitation
(in-coupling) and a drop (out-coupling) photon lifetimes τi ,
τe and τd , respectively, and a free spectral range (FSR) �M .
These characteristics allow the WGMR to narrowly filter the
input broadband optical spectrum EMZM(t) and deliver, at
its output, a set of equidistant spectral lines separated by
its FSR. Hence, the intracavity field FR(t) of the WGMR
is the sum of the optical spectral components FR(t) =√

P0
∑+∞

−∞ Fnein�M t . In order to derive the equation gov-
erning the dynamics of each WGMR of interest, it is con-
venient to decompose EMZM(t) into its spectral components.
Taking advantage of the fact that x(t) can be expressed as
x(t) = A(t) cos [�M t + ϕ(t)] for any microwave oscillator
whose output angular frequency is around �M , it can be
straightforwardly demonstrated that [14]:

EMZM(t) = √
P0

n=+∞∑

n=−∞
Enein�M t, (4)

with

En(t) = εn(φ)Jn [A(t)] einϕ(t), (5)

where Jn are the nth-order Bessel functions of the first kind,
with n being an integer; φ = πVB/(2Vπ) is the static phase
of the MZM and εn(φ) = [

eiφ + (−1)ne−iφ
]

i n/2. Therefore,
each intracavity field component Fn(t) is excited by the
corresponding En(t). This means that the WGMR intracavity
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field is a multifrequency signal, and according to the Haus
formalism, the dynamics of Fn(t) is ruled by [22]

Ḟn(t) = −
[

1

τ
+ iσ

]
Fn(t) +

√
2

τe
En(t), (6)

where σ = ωL − ω0 is the detuning frequency between the
laser frequency ωL and the central frequency of the pumped
mode ω0; τ−1 = τ−1

i + τ−1
e + τ−1

d corresponds to the inverse
of the total lifetime of the photon in the resonator (this cor-
responds to the overall optical Q-factor Qopt−WGMR = ωLτ ),
when taking into account losses which arise from the coupling
between the resonator and the optical fiber (see Fig. 1). The
WGMR output signal is detected by a fast photodiode with a
large bandwidth which rejects the frequencies above its cut-off
frequency (the higher-order harmonics of the microwave signal
are thereby rejected). In addition, its zero harmonic component
is removed by the bandpass filter inserted after the photodiode.
Since G(t) = √

2/τdFR(t), the right hand side of Eq. (3)
therefore becomes

β |G(t)|2 = 2β

τd

∣
∣
∣
∣
∣

n=+∞∑

n=−∞
Fnein�M t

∣
∣
∣
∣
∣

2

� 2βeivei�M t
+∞∑

n=−∞
Gn+1G∗

n + c.c. (7)

where v represents the microwave round-trip phase shift and
c.c. stands for the complex conjugate. Thus the deterministic
features of the microwave envelope can be described in terms
of the dimensionless slowly varying envelopes Gn(t) attached
to the various modes, and the slowly varying envelope of the
microwave A(t) = A(t)eiϕ(t) as [14]:

Ġn = −
[

1

τ
+ iσ

]
Gn + n(φ)Jn [A(t)] einϕ(t), (8)

A(t) = 2βeiv
+∞∑

n=−∞
Gn+1G∗

n , (9)

with n(φ) = 2εn(φ)/
√

τdτe.
In addition, the microwave is also subjected to noise orig-

inating from various sources (laser, resonator, photodiode,
etc.). This noise indeed introduces fluctuations around the
steady state solutions, and these stochastic phenomena can
be modeled by including Langevin noise terms to the core
deterministic model. Two main noise contributions can be con-
sidered. The first contribution is multiplicative noise, resulting
from the overall optical gain fluctuations. It is composed
from very different noise contributions, but for the sake of
simplicity, it will be assumed in this study as Gaussian white
noise with empirical noise power density |ηn(ω)|2 = 2Dm .
The multiplicative noise can be taken into account in the model
by multiplying the last term of Eq. (8) by [1 + ηn(t)] where
ηn(t) is a dimensionless multiplicative noise. The second
contribution is additive noise which is related to environmental
fluctuations. For each spectral line, this noise is also consid-
ered as a complex-valued Gaussian white noise ζn(t) with
zero mean-value and correlation 〈ζn(t)ζ ∗

n (t ′)〉 = 2Daδ(t − t ′),
corresponding to the density power spectrum |ζn(ω)|2 = 2Da .
The signal at the output of the resonator experiences additional

additive noise from the photodiode before being read out as
the microwave signal is measured at the output of the RF filter
(see Fig. 1).

Therefore, taking into account all noise terms, the stochastic
model to describe the noisy slowly-varying envelope A(t) can
be written as

Ġn = −
[

1

τ
+ iσ

]
Gn

+ n(φ)
[
1 + ηn(t)

]
Jn (A) einϕ +

√
2

τd
ζn(t), (10)

A(t) = 2βeiv
+∞∑

n=−∞
Gn+1G∗

n . (11)

From Eqs. (10) and (11), it can be seen that although all
microwave harmonics are filtered out during the process, the
complex amplitude and the noise generated in all the optical
modes do affect the microwave.

B. Non-Trivial Fixed Point and Its Stability

For Ġn = 0 and Ȧ = 0, there is a trivial fixed point Ast = 0
which exists for every value of the loop gain. However, a non-
trivial fixed point can also emerge for some values of this gain.
If we consider Gn(t) = Gn(t)ei�n (t) and A(t) = A(t)eiϕ(t),
the non-trivial fixed point is defined by:

Gst
n = τn(φ)

√(
1 + σ 2τ 2

)Jn
(
Ast), (12)

Ast = J1
(
2Ast), (13)

where

 = 4βτ 2| sin(2φ)|
τeτd

(
1 + σ 2τ 2

) (14)

is the overall gain (positive by convention) satisfying
 > 1 [14]. This non-trivial fixed point is of great interest
since it corresponds to the microwave amplitude. In ref. [14],
it has been shown that the non-trivial fixed point satisfies
0 < Ast ≤ 1.91 for  > 1. Moreover, this fixed point is
unconditionally stable for 1 <  < 15.52 when there is no
delay-line.

C. Phase Noise Performance

A convenient way to evaluate the purity of the microwave
is to measure its phase noise spectrum. In the regime of stable
microwave emission, the effects of noise on the amplitude
are typically negligible meaning that such amplitude can be
assumed as constant [i.e A(t) � Ast and Gn(t) � Gst

n ]. Thus
the stochastic phase equations from Eqs. (10) and (11) can be
written as

�̇n = −σ + n(φ)
[
1 + ηn(t)

] Jn
(

Ast
)

Gst
n

sin [nϕ − �n]

+
√

2

τd

ζn,�(t)

Gst
n

, (15)

0 =
+∞∑

n=−∞
Gst

n+1Gst
n sin

[
�n+1 − �n + v − ϕ

]
, (16)
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where ζn,�(t) = ζn,Re(t) sin(−�n) + ζn,I m(t) cos(−�n) are
independent Gaussian white noises with spectral density
|ζ̃n,�(ω)|2 = 2Da and |ζ̃n,ϕ(ω)|2 = 2Da . The sub-indices
Re and Im refer to the real and imaginary parts.

As noise corresponds to small fluctuations around the stable
steady states, all higher-order terms can be disregarded. Thus,
Eqs. (15) and (16) can be rewritten as

�̇n = n(φ)
Jn

(
Ast

)

Gst
n

sin
[
nϕst − �st

n

]
ηn(t) +

√
2

τd

ζn,�(t)

Gst
n

+ n(φ)
Jn

(
Ast

)

Gst
n

cos
[
nϕst − �st

n

] [
nϕ − �n

]
, (17)

0 =
+∞∑

n=−∞
Gst

n+1Gst
n

[
�n+1 − �n − ϕ

]
. (18)

By making use of the steady state solutions given in Eqs. (12)
and (13), and assuming that sin x � x , one finally obtains

�̇n = σηn(t) + 1

τ

[
nϕ − �n

]
+

√
2

τd

ζn,�(t)

Gst
n

, (19)

0 =
+∞∑

n=−∞
Gst

n+1Gst
n

[
�n+1 − �n − ϕ

]
. (20)

Since Eqs. (19) is linear, the phase noise spectrum in the
whole frequency range can be obtained from the squared
modulus of its Fourier transform. Hence, considering that all
noise sources are uncorrelated, the squared modulus of the
Fourier transform of ϕ(t) is

∣
∣
∣�(ω)

∣
∣
∣
2 =

2σ 2α2
1

∣
∣
∣η(ω)

∣
∣
∣
2 + 4Da

τd
α2

2

ω2 , (21)

where the coefficients α2
1 and α2

2 are explicitly defined as

α2
1 = 2

∑+∞
n=0 J2

n

(
Ast

)
J2

n+1

(
Ast

)

J2
1 (2Ast)

, (22)

α2
2 = 1

J2
1 (2Ast ) sin2 2φ

. (23)

Equation (21) shows that the phase noise depends on the
detuning between the laser and the resonator pumped mode.
As another interesting remark, Eq. (21) also shows that
the effect of the multiplicative noise can completely vanish
provided that the laser frequency and the pumped mode are
perfectly matched (i. e σ = 0). This is explained by the
fact that this detuning is in fact an intensity-to-phase noise
conversion mechanism. In practice, it is possible to match
the two frequencies with great accuracy, even though thermal
effects might induce additional detuning.

IV. WGMR-BASED OEOs WITH DELAY

A. Model

In a typical WGMR-based OEO, a delay time can result
from the optical fiber connecting the different stand-alone
components. This delay time is usually in the order of nanosec-
onds, which indeed has negligible effect on the dynamics and
the purity of the microwave. However, as in usual OEOs

without resonator, a long delay can be deliberately imple-
mented using an optical fiber. Considering that such optical
fiber is inserted between the MZM and the resonator, the signal
coming out from the MZM is delayed in time before being
coupled into the resonator. In this case, Eqs. (10) and (11)
can be rewritten as

Ġn = −
[

1

τ
+ iσ

]
Gn +

√
2

τd
ζn(t)

+ n(φ)
[
1 + ηn(t)

]
Jn (AT ) ein(ϕT −ωL T ), (24)

A(t) = 2βeiv
+∞∑

n=−∞
Gn+1G∗

n , (25)

where T is the delay time, AT ≡ A(t −T ) and ϕT ≡ ϕ(t −T ).
Note the appearance of e−inωL T which is a static feedback
phase originating from the optical path followed by each
spectral component in the fiber. Without loss of generality,
we set e−inωL T = 1 as it just shifts the microwave phase ϕ(t).
The fixed point solutions of Eqs. (24) and (25) are the same
as those obtained for the system without delay.

B. Phase Noise Spectrum

Proceeding as in Sec. III-C, the phase noise derived from
Eqs. (24) and (25) can be described in time domain by the
following linear equations:

�̇n = σηn(t) + 1

τ

[
nϕT − �n

]
+

√
2

τd

ζn,�(t)

Gst
n

, (26)

0 =
+∞∑

n=−∞
Gst

n+1Gst
n

[
�n+1 − �n − ϕ

]
. (27)

In Fourier domain, the squared modulus of the Fourier trans-
form of ϕ(t) obtained from Eqs. (26) and (27) is

∣
∣
∣�(ω)

∣
∣
∣
2 =

2σ 2α2
1

∣
∣
∣η(ω)

∣
∣
∣
2 + 4Da

τd
α2

2

∣
∣
∣
∣iω + 1

τ

(
1 − e−iωT

)
∣
∣
∣
∣

2 . (28)

For T = 0, one recovers the phase noise spectrum formula
given by Eq. (21). It is also seen that the WGMR linewidth
defined as �ω = 1/τ can eventually play a role when T �= 0.

For our forthcoming simulations, we consider the follow-
ing experimental parameters [14], unless otherwise stated:
τi = 6.5 μs, τe = 29 μs, τd = 1 μs. These parameters
lead to an overall lifetime τ = 0.84 μs corresponding to
�ω ≈ 1.2 MHz and an optical Q-factor Qopt−WGMR =
ωLτ = 1.02 × 109 for a laser operating at a frequency
fL = 192 THz (i.e λ = 1552.2 nm). This value of optical
Q-factor corresponds to an RF Q-factor

QRF−WGMR = Qopt−WGMR × �0

fL
≈ 0.33 × 105 (29)

for �0 ≈ 6 GHz. Note that the value of �ω we are considering
clearly ensures the filtering in the optical domain only as it is
much smaller than �� which is ≈10 MHz. Other parameters
of interest are φ = −π/4, Dm = 10−8 rad2/Hz,
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Fig. 2. Analytical and numerical phase noise spectra for (a) T = 1 ns and
(b) T = 20 μs. Ast = 0.56.

Da = 5 × 10−8 rad2/Hz, σ/2π = 0.16 kHz, β = 24.16 and
Ast = 0.56.

For T = 20 μs (corresponding to 4 km of fiber length), the
phase noise spectra obtained both analytically and numerically
are shown in Fig. 2, and they can be compared with those
obtained with a negligible delay (T = 1 ns). It is seen that
both analytics and numerics predict a significant improvement
of the phase noise performance for long delays. More pre-
cisely, both the analytical and numerical predictions show that
the phase noise can be improved by approximately 25 dB.
To provide a better understanding regarding the role of each
optical stability element, we next compare the phase noise
spectra of DL-based OEOs with and without resonator.

V. COMPARISON BETWEEN THE PHASE NOISE

PERFORMANCE OF DL-BASED OEOs
WITH AND WITHOUT RESONATOR

For the usual DL-based OEOs without a resonator,
a stochastic model to describe its dynamics has been proposed
in [19]:

Ȧ + μeivA = γ eiv [1 + η(t)] J1 (2AT ) eiϕT + μeiv ζa, (30)

where γ = πηG0 P0S| sin 2φ|/2VπRF is the effective overall
loop gain and v = arctan(1/2Q f ), with Q f ≈ �0/�� being
the quality factor provided by the RF filter of half-bandwidth
μ/π ≈ �� in the microwave branch. From Eq. (30), the
theoretical phase noise spectrum has been derived as [19]:

|�(ω)|2 =

μ2

4Q2
f

|η(ω)|2 + 2μ2

|Ast |2 Da

|iω + μ(1 − e−iωT )|2 . (31)

Equation (31) is to be compared with Eq. (28). From the com-
parison with experiments, we consider Dm = 10−8 rad2/Hz,
and Da = 3.0 × 10−14 rad2/Hz, �0 = 6 GHz and
�� = 10 MHz. These parameters lead to Q f � 600 and
μ/π = 10 MHz. Figure 3 shows the results for phase noise
performance in DL-based OEO without a resonator calculated
from Eq. (31), and with a WGMR obtained from Eq. (28)
for T = 1 ns and T = 20 μs. The RF Q-factor QRF−DL
of these delay-lines is 37.6 and 7.5 × 105 respectively for
a microwave frequency �0 = 6 GHz. For T = 1 ns (i.e short
delay lines), it is seen that the phase noise in WGMR-based
OEOs is ∼38 dB better than that obtained in DL-based
OEOs without a resonator. This is because the RF Q-factor

Fig. 3. Comparison between the phase noise performance of DL-based
OEO with WGMR (black) and without a resonator (gray, red in color) for
(a) T = 1 ns and (b) T = 20 μs. Ast = 0.56.

Fig. 4. Comparison between the phase noise performance of DL-based
OEO with a WGMR and without a WGMR when (a) the delay-line and the
WGMR have identical RF Q-factor (QRF−WGMR = QRF−DL = 7.5 × 105)
considering �ω = 1.2 MHz and �� = 10 MHz; (b) the RF filter and
the WGMR have identical bandwidth (�ω = μ = 31.4 MHz) QRF−DL =
7.5 × 105.

generated by this delay length is much smaller than that of the
WGMR (i.e QRF−WGMR � QRF−DL). Increasing the delay
to T = 20 μs so that QRF−WGMR � QRF−DL (i.e using
long delay lines), the exactly same phase noise performance
is obtained in both OEOs with and without a WGMR. This is
because although the WGMR and the optical fiber individually
provide a Q-factor each, their serial combination does not
significantly improve the overall effective Q-factor to lead to
an improvement in the phase noise with the chosen parameters.
However, it is interesting to note that the WGMR allows
to significantly reduce the spurious peaks. In particular the
reduction for the first-neighboring spur is ≈55 dB.

Now we focus upon the case for which RF Q-factor of the
delay-line and that of the WGMR are equal. More precisely,
we increase QRF−WGMR to 7.5 × 105 (same as QRF−DL)
corresponding to τ = 19.1 μs. This increase of QRF−WGMR
implies the decrease of �ω by a factor of 22.72 (i.e �ω =
0.052 MHz). The phase noise spectra are shown in Fig. 4(a)
for WGMR-based OEOs with and without delay in comparison
with the DL-based OEO without the resonator. In particular,
the case for which a WGMR is combined with a delay line
having the same Q-factor indicates that the spurious peaks
are completely suppressed (black line). In addition, the phase
noise performance is in-between that obtained individually
with the OEO with a WGMR only (dashed line) and with
fiber delay-line only (red line), when the frequency ω is
smaller than 1/T although the Q-factor is twice larger in
this case. The fact that the phase noise performance in this
frequency range is worse than that obtained in the DL-based
configuration without a WGMR is because the increase of the
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Q-factor is accompanied with the decrease of the linewidth �ω
[see Eq. (28)].

To estimate the effects of the OEO bandwidth, we consider
again QRF−DL = 7.5 × 105 and set the WGMR linewidth to
be equal to the RF filter bandwidth, i.e �ω = μ = 31.4 MHz.
This increase of �ω implies the decrease of QRF−WGMR by a
factor of 26.41 (i.e QRF−WGMR = 0.012 × 105). Figure 4(b)
shows the results for the different configurations. It turns out
that the OEO with both the WGMR and the delay-line achieves
a better performance than the OEO with the delay line only
although the overall RF Q-factor is the same in both cases.
This improvement is about 18 dB as compared to the case for
which a 4 km long DL only is used as the stability element.
However, it should be noticed that the spurious peaks become
stronger, and even reach the same level as those obtained with
a 4 km long DL only. This clearly evidences the role that the
WGMR plays in reducing or suppressing the spurious peaks.

VI. EXPERIMENTAL RESULTS

In order to confirm our theoretical results, we have
performed experimental measurements considering different
energy storage elements. We use a wideband integrated optics
LiNbO3 MZM with VπRF = 4.7 V, Vπ = 4 V and
VB = 2 V seeded by an SL delivering a maximum optical
power P0 = 30 dBm. A polarization controller is also used
to tune the polarization at the input of the WGMR. For
WGMR-based configuration, the laser lightwave is coupled
into and out of the WGMR by evanescent field through two
tapered optical microfibers in an add-drop configuration. Our
experimental setup is built using a 12 millimeters diameter
MgF2e disk-shaped WGMR (the 12 mm diameter is the
raw disks diameter before the fabrication process, which
consists in grinding and polishing). The laser wavelength
is stabilized onto the optical mode of interest by using a
low frequency Pound-Drever-Hall (PDH) laser stabilization
loop (see ref. [21], [23] for details). This technique is opti-
mized for laser-WGMR stabilization and specifically for a
selected optical mode. The characterization of the WGMR in
the optical domain has allowed us to retrieve the following
parameter values: τi = 6.5 μs, τe = 29 μs, τd = 1 μs
(these values are used for theoretical estimations), FSR ∼
6 GHz. For the usual delay-based configuration, a 4 km long
single mode optical fiber has been used to connect the MZM
output and a fast photodiode while for the combination of
the both elements, the WGMR output was connected to the
same photodiode using the same 4 km long single mode
optical fiber. The long delay line was placed in a thermally
isolated box where its temperature is uniformly and actively
stabilized. The transmission losses η after the stabilization
were measured to be 6 dB, 2.2 dB and 8.4 dB for OEO
configurations with the WGMR only, with the delay line only,
and with the combination of both, respectively. The optical
signals were read by a fast photodiode with a conversion factor
S = 50 �×0.65 A/W = 32.5 V/W, and bandwidth 0−12 GHz.
Subsequently, the photodiode output signal crossed a narrow-
band microwave RF filter of central frequency at 6.25 GHz and
a bandwidth of 10 MHz in order to reject the RF noise outside

Fig. 5. Comparison between analytical and experimental phase noise spectra
for (a) T = 1 ns and (b) T = 20 μs.

Fig. 6. (a) Analytical and (b) experimental estimations of phase noise spectra
of the three OEOs based each on different optical stability elements: a MgF2
WGMR (blue), a 4 km long DL (red), and a 4km long delay line combined
with a MgF2 WGMR (black).

the frequency band of interest. This leads to exactly the same
Q-factors as used for theoretical estimations. The different
measurements were accomplished using an APEX 2440B
optical spectrum analyzer (OSA) and a Rohde & Schwarz
FSW50 electrical signal and spectrum analyzer (ESSA). The
peak-to-peak generated microwave amplitude is 3.34 V and its
frequency is ∼6 GHz. Note that, for each configuration, the
optical power seeding the MZM is set so as to have the same
overall microwave loop gain (and therefore the same generated
microwave amplitude).

For comparison we display in Fig. 5 the analytical and
experimental phase noise spectra for OEO stabilized with a
WGMR only (negligible delay length) [Fig. 5(a)] and when the
WGMR is combined with a 4 km long delay line [Fig. 5(b)].
The experimental estimations of phase noise spectra are those
of microwaves generated at ∼6 GHz. On the one hand, it is
seen that the phase noise spectrum is as low as −67 dBrad2/Hz
and −127 dBrad2/Hz at 1 kHz and 1 MHz, respectively
when the noise in the OEO loop is rejected only by the
MgF2 WGMR. This result is in excellent agreement with
analytical results shown in Fig. 5(a). When the same MgF2
WGMR is serially connected to a 4 km long of an optical
delay fiber, the experimental results indicate a phase noise
performance of −107 dBrad2/Hz and −124 dBrad2/Hz at
1 kHz to 1 MHz, respectively (black). This is again in good
agreement with analytical results which show a phase noise
spectra of −104 dBrad2/Hz and −125 dBrad2/Hz in the same
frequency range (red). This corresponds, in both cases, to an
improvement of ≈25 dB as compared to the case for which the
noise is rejected by the resonator only. In particular, Fig. 5(b)
indicates an excellent agreement between the spurious peaks
obtained with the model and those from experiments. For
further insight, we now compare the phase noise spectra of
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WGMR-based OEOs with those obtained in DL-based OEOs
without resonator. Figure 6 shows the estimated (a) and the
measured (b) phase noise spectra in a window from 1 kHz and
1 MHz considering the three OEO configurations, each based
on a different optical stability element. A very similar phase
noise performance is theoretically (a) and experimentally
(b) obtained when the WGMR is removed (this corresponds
to the case for which the OEO bandwidth is now defined by
RF bandpass filter). As such the OEO configuration becomes
that of usual DL-based OEO (i.e without the resonator). This
confirms the analytical and numerical predictions that the
serial combination of delay line and a WGMR with ultra-high
Q-factor is an efficient method for spurious peak rejection, if
the laser-WGMR add-drop light coupling configuration is well
optimized.

Note that phase noise is often expressed in units of dBc/Hz.
The relation between the two units for sideband phase noise
is: [dBrad2/Hz]=[dBc/Hz]+3dB.

VII. CONCLUSION

We have derived a stochastic model to describe the effects
of noise on the microwave phase dynamics. Using these
equations, we have analytically and numerically estimated the
phase noise performance of WGMR-based OEOs with and
without delay. In both cases, we have found that the spectral
purity in these devices depends on the detuning between the
laser frequency and the central frequency of the resonator
pumped mode. Comparing the results for DL-based OEOs with
and without a resonator, we have found that WGMR-based
OEOs with DL display a strong rejection rate for spurious
peaks, thereby leading to higher spectral purity. In particular
when the WGMR and the delay-line have equal ultra-high
Q-factor, the WGMR acts as a mode discriminator and is
able to filter out completely the closely spaced OEO modes
defined by the delay line. But the phase noise performance
degrades close to the microwave frequency as compared with
the case for which the same delay-line is used without the
resonator. However, a better phase noise performance can
be also obtained close to the microwave frequency when a
WGMR with a larger linewidth is considered, but in return
the spurious peaks become stronger. This suggests that a good
compromise should be found between using a WGMR with a
large linewidth and that with ultra-high Q-factor. Our different
OEOs configurations have been experimentally tested and
the experimental results showed an excellent agreement with
theoretical (analytical and numerical) results thus evidencing
the validity of our theoretical approach. Experimental results
also have confirmed that a good compromise has to be found
in order to obtain a high loaded Q and low insertion loss
for the WGMR. This is directly linked to the laser-WGMR
add-drop light coupling configuration that has to be very well
optimized.
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